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We unveil the stable (d + 1)-dimensional topological structures underlying the quench dynamics for all the
Altland-Zirnbauer classes in d = 1 dimension, and propose to detect such dynamical topology from the time
evolution of entanglement spectra. Focusing on systems in classes BDI and D, we find crossings in single-
particle entanglement spectra for quantum quenches between different symmetry-protected topological phases.
The entanglement-spectrum crossings are shown to be stable against symmetry-preserving disorder and faith-
fully reflect both Z (class BDI) and Z2 (class D) topological characterizations. As a byproduct, we unravel the
topological origin of the global degeneracies emerging temporarily in the many-body entanglement spectrum
in the quench dynamics of the transverse-field Ising model. These findings can experimentally be tested in ul-
tracold atoms and trapped ions with the help of cutting-edge tomography for quantum many-body states. Our
work paves the way towards a systematic understanding of the role of topology in quench dynamics.
Introduction.—Topological quantum systems have attracted
growing interest theoretically and experimentally [1, 2], due
partly to their fundamental importance in phase transitions be-
yond the conventional symmetry-breaking paradigm [3] and
applications to quantum computation [4–7]. For gapped free-
fermion systems at equilibrium, a systematic classification
has been established for the Altland-Zirnbauer (AZ) classes
[8–12] and with additional crystalline symmetries [13–17].
Topological phases are characterized by topological invari-
ants, some of which have been measured in ultracold atomic
gases [18–20]. Entanglement measures [21–23], which are re-
lated to the full entanglement spectrum (ES) [24–26], provide
yet another powerful tool to detect topological order.
Recently, studies on topological systems have been ex-
tended to a nonequilibrium regime [27]. Floquet systems [28]
have been demonstrated to exhibit intrinsically nonequilib-
rium topological phases with no static counterparts [29–36].
This Letter focuses on quantum quenches in topological sys-
tems [37–46]. Starting from the ground state |Ψ〉 of an ini-
tial Hamiltonian Hˆ , we suddenly change the Hamiltonian to
Hˆ ′. The wave function subsequently undergoes a nontrivial
unitary evolution |Ψ(t)〉 = e−iHˆ′t|Ψ〉. Previous studies have
unveiled topological dynamical phase transitions [39–41], a
nonequilibrium Hall response which is not associated with the
Chern number [42–44] and momentum-time Hopf links upon
quenches during which the Chern number varies [45, 46]. Flo-
quet quenches have also been investigated [47–49].
However, it stays an open problem to systematically iden-
tify and detect the topology of quench dynamics, i.e., the
(d + 1)-dimensional spatiotemporal topology of the wave
function. It is even unclear whether there is a stable nontrivial
(d + 1)-dimensional dynamical topology that survives addi-
tional bands and disorder. Note that the Hopf link identified
in Ref. [45] is well-defined only for clean system with two
bands [50]. In this Letter, we demonstrate the existence of
stable topological structures in quench dynamics and propose
the time evolution of ES as their universal indicator. We use
the K-theory to identify all the AZ classes that accommodate
stable nontrivial (1+1)-dimensional dynamical topology (see
Table I). We generalize the ES approach to quench dynamics
and perform detailed model studies on topological systems in
classes BDI and D, finding robust Z and Z2 topological fea-
tures. Our study has strong relevance to state-of-the-art exper-
iments of ultracold atoms [51–55] and trapped ions [56–59],
where many-body tomography has become possible [46, 60–
64].
Parent Hamiltonian and its classification.—For a formal
classification, we note that the instantaneous many-body wave
function |Ψ(t)〉 may be regarded as the ground state of
Hˆ(t) ≡ e−iHˆ′tHˆeiHˆ′t, (1)
which we call the parent Hamiltonian. Assuming that Hˆ and
Hˆ ′ belong to the same d-dimensional AZ class, we obtain
Tˆ Hˆ(t)Tˆ −1 = Hˆ(−t), CˆHˆ(t)Cˆ−1 = −Hˆ(t),
ΓˆHˆ(t)Γˆ−1 = −Hˆ(−t),
(2)
whenever Hˆ and Hˆ ′ respect the time-reversal symmetry
(TRS) Tˆ , the particle-hole symmetry (PHS) Cˆ and/or the chi-
ral symmetry Γˆ. Regarding t as an extra quasi-momentum,
we find that Hˆ(t) respects the TRS in d + 1 dimensions, but
respects the PHS and/or the chiral symmetry only after re-
versing t to −t. Accordingly, the topological classification
for Hˆ(t) subject to Eq. (2) can differ qualitatively from that
for the (d + 1)-dimensional AZ classes [14]. For d = 1, the
results are shown in the second column in Table I [65]. We
emphasize that the K-theory classification, which has widely
been applied to static topological insulators and superconduc-
tors [10, 12, 14, 16, 17], places no constraints on the number
of bands and the topology is expected to be robust against not-
too-strong disorder [66, 67]. Here the disorder can stem not
only from the absence of translation invariance in Hˆ and/or
Hˆ ′, but also from the frequency domain (Fourier transform of
time) due to the band nonflatness in Hˆ ′ [68]. These results
can straightforwardly be generalized to quench dynamics in
higher dimensions and/or with any additional two-fold sym-
metries [14].
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2TABLE I. Topological classification of the parent Hamiltonians Hˆ(t)
(1) for quench dynamics. With symmetry constraints (2) alone, the
classification is given by the maximal K-group, of which only a sub-
set is dynamically realizable (third column).
Altland-Zirnbauer class Maximal K-group Dynamical realization
A Z 0
AIII Z⊕ Z Z
AI 0 0
BDI Z Z
D Z2 Z2
DIII Z2 ⊕ Z2 Z2
AII Z2 0
CII Z Z
C 0 0
CI 0 0
At this stage, it is unclear whether a nontrivial element in
these maximal K-groups can be realized by parent Hamiltoni-
ans (1), which has a specific t dependence. After a one-by-one
examination [65], we identify all the dynamically realizable
elements in the third column in Table I. It turns out that, for
all the nontrivial AZ classes, the two-dimensional topologi-
cal index, i.e., the strong topological number [10] of Hˆ(t) in
Eq. (1), is simply the difference between the one-dimensional
topological indices of H and H ′. This is why the results coin-
cide with the one-dimensional column in the well-known peri-
odic table [8–11]. For example, the strong topological number
Z of Hˆ(t) in class BDI is given by
∆w = w′ − w, (3)
where w (w′) is the winding numbers of Hˆ (Hˆ ′). The Z2
index v of Hˆ(t) in class D, as first identified in adiabatic PHS-
protected pumps [12], is given by
v = |N ′ −N|, (4)
where N (N ′) is the Z2 index of Hˆ (Hˆ ′). We will illustrate
these two classes with concrete models.
Two remarks are in order. First, the topological numbers in
the maximal K-groups which are absent in quench dynamics
can take nonzero values in adiabatic topological pumps [69–
72]. Second, the weak topological numbers [10] of lower-
dimensional nature are not shown in Table I. In fact, the con-
serving Chern number in quench dynamics in two dimensions
found in Refs. [38, 47] gives such an example. Here, we find
another example — the Z2 index of one-dimensional systems
in class D. In other classes, however, the one-dimensional
topological index may change in quench dynamics [73].
Entanglement-spectrum dynamics after quench.—With the
topology of quench dynamics formally identified, it is nat-
ural to ask how to detect it in a way that is universal, nu-
merically tractable and experimentally accessible. For static
free-fermion systems Hˆ =
∑
j,l,α,β Hjα,lβ cˆ
†
jαcˆlβ , where cˆ
†
jα
creates a particle with internal degrees of freedom α at site
j, an ideal candidate is the single-particle ES, which gives
the exact open-boundary spectrum of the flattened Hamilto-
nian [26]. As for quench dynamics, the time evolution of ES
thus faithfully simulates the edge spectrum flow under open-
boundary conditions in real space. Given the bulk-edge cor-
respondence [66], we expect that the dynamical topology can
directly be readout from the ES dynamics. Note that the con-
verse use of this idea can be practically useful for recovering
the Hamiltonian topology from quench dynamics, provided
that the many-body tomography for |Ψ(t)〉 [60, 63] or the di-
rect measurement of the ES [54, 74] is achievable.
We sketch out the definition of the single-particle ES of a
Gaussian state |Ψ〉. Denoting S (S¯) as the region of inter-
est (the complementary of S), the reduced density operator
ρˆS ≡ TrS¯ [|Ψ〉〈Ψ|] can be rewritten as ρˆS = Z−1E e−HˆE , with
HˆE =
∑
n nfˆ
†
nfˆn being the quadratic entanglement Hamil-
tonian [75], where fˆn is linear in cˆjα. The single-particle ES
is given by [76]
ξn ≡ 1
en + 1
, (5)
so that an entanglement zero mode n = 0 corresponds to
ξn =
1
2 . To investigate the ES dynamics, we calculate ξn for|Ψ(t)〉 at each time in concrete models in classes BDI and D
and visualize the Z and Z2 indices.
Two-band BDI systems in one dimension.—We start with
two-band systems in class BDI. Without loss of generality,
we denote the Bloch Hamiltonian as h(k) = d(k) · σ, where
σ ≡∑µ=x,y,z σµeµ is the Pauli-matrix vector with eµ being
the unit vector in the µ direction. The Hamiltonian Hˆ can be
related to h(k) by Hˆ =
∑
k cˆ
†
kh(k)cˆk, where cˆk ≡ (aˆk, bˆk)T,
aˆk ≡ 1√L
∑
j e
−ikj aˆj (bˆk ≡ 1√L
∑
j e
−ikj bˆj), L is the num-
ber of unit cells and aˆj (bˆj) annihilates a fermion in the A (B)
sublattice in the jth unit cell (see Fig. 1(a)).
Now we impose TRS Tˆ and PHS Cˆ, which satisfy Tˆ 2 =
Cˆ2 = 1, Tˆ cˆkTˆ −1 = cˆ−k and CˆcˆkCˆ−1 = σz cˆ−k. In terms of
the d-vector, the symmetry constraints [Hˆ, Tˆ ] = {Hˆ, Cˆ} = 0
imply dx(k) = dx(−k), dy(k) = −dy(−k) and dz(k) = 0.
Note that [σx, h(Γ)] = 0 at high-symmetry points Γ = 0, pi,
where the Bloch state is an eigenstate of σx with eigen-
value νΓ = ±1. The winding number is determined by
w ≡ ∫ pi−pi dk2pi q′(k)q(k) with q(k) ≡ dx(k)− idy(k), and the PHS-
protected Z2 index reads N ≡ 12 |ν0 − νpi| = w mod 2.
A prototypical example in class BDI is the Su-Schrieffer-
Heeger (SSH) model [77]:
Hˆ = −
∑
j
(J1bˆ
†
j aˆj + J2aˆ
†
j+1bˆj + H.c.), (6)
where J1 and J2 are the intra- and inter-unit-cell hopping am-
plitudes, respectively. The Fourier transform of Eq. (6) gives
d(k) = −(J1 + J2 cos k, J2 sin k, 0), implying (ν0, νpi) =
( J1+J2|J1+J2| ,
J1−J2
|J1−J2| ). In real systems such as polyacetylene [78]
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FIG. 1. (color online) (a) Quench in the SSH model (6) from a dimerized state. The orange rectangle marks a unit cell. (b) Half-chain
entanglement cut (shaded region S) of a periodic chain. (c) Quench protocols. The leftmost three arrows show quenches across the topological
phase boundary. (d) Dynamics of the single-particle ES (5) after quenches across the phase boundary, showing crossings at ξn = 12 . The total
number of ξn’s is L and most of them are very close to 0 or 1. (e) Single-particle ES dynamics after quenches within the same phase and to
the critical point, showing no crossings at ξn = 12 . The system size is L = 100.
and ultracold atoms [18, 71, 72], we generally have J1, J2 >
0, and a topological phase transition from N = 0 to N = 1
occurs upon crossing the boundary J1 = J2 (see Fig. 1(c)).
If we quench the parameters in the SSH model (6) as
(J1, J2) = (J, 0) → (J ′, J), |Ψ(t)〉 will remain in the same
trivial phase as the dimerized state with N = 0. Hence, topo-
logical entanglement edge modes in |Ψ(t)〉 are absent in gen-
eral. This is confirmed numerically, i.e., the half-chain (see
Fig. 1 (b)) ES ξn 6= 12 for almost all the time in Figs. 1(d) and
(e). However, in the flat-band case J ′ = 0, we find periodic
oscillations of ξn’s, which cross each other at tm = (m− 12 )piJ
with m ∈ Z+, where the system instantaneously becomes
class BDI with winding number 2. Remarkably, the crossings
stay robust as J ′ increases as long as J ′ < J with t1 gradu-
ally diverging. This should be understood as the robustness of
the nontrivial (1 + 1)-dimensional topology characterized by
∆w = 1, although the temporal periodicity disappears. When
J exceeds J ′, no crossings occur. This sharp transition in
the ES dynamics distinguishes the quenches across different
topological phases from those within the same phase.
The ES crossings can alternatively be interpreted as a result
of the nontrivial PHS-protected index v = 1, which equals
the Skyrmion charge (Chern number) of the d-vector tex-
tures in one half of the momentum-time space [65]. Indeed,
the ES crossings resemble the Dirac-cone dispersion of edge
(entanglement) modes in two-dimensional topological insula-
tors [79, 80]. The Chern number can be nonzero since dz is
dynamically generated even if it vanishes in both h(k) and
h′(k). Such a dynamical Chern number is recently identified
for general two-band systems [81], and should be experimen-
tally measurable with the help of Bloch-state tomography for
ultracold atoms in optical lattices [46, 60–62].
Influence of the band number, disorder, and symmetry
breaking.—In the presence of additional bands and/or dis-
order, the picture of momentum-time Skyrmions mentioned
above breaks down and only a Z2 index instead of a PHS-
protected Chern number is well-defined. Nevertheless, we
will show that the ES dynamics stays a good indicator for
the stable dynamical topology and clearly distinguishes the
Z (class BDI) characterization from the Z2 (class D) one.
According to Table I, the quench dynamics in class BDI
systems are characterized by Z. Since the addition operation
on a K-group is the direct sum up to continuous deformation,
we expect the number of ES crossings to be multiplied by M
if we quench M copies of the system coupled to each other
without breaking the symmetries (see Fig. 2(a)), provided that
the disorder in the frequency domain due to band nonflatness
is not so strong. We numerically confirm this for M = 1 ∼
4 SSH chains with hopping disorder [65]. An example for
M = 3 is shown in Fig. 2(c), where we see 2M = 6-fold
degenerate ES crossings in the flat-band limit, with the factor
of 2 coming from the periodic-boundary condition. Note that
the crossings for nonflat bands are more like middle-gap edge
states, a feature well-known in topological crystalline systems
[76]. Indeed, Cˆ behaves like a crystalline symmetry.
If we break TRS alone, the symmetry class changes from
BDI to D and the K-theory classification gives Z2 (see Ta-
ble I), over which 1Z2 + 1Z2 = 0Z2 . As a result, we expect
the presence (absence [82]) of ES crossings if we quench an
odd (even) copies of SSH chains with coupling amplitudes re-
specting PHS but breaking TRS (see Fig. 2(b)). In Fig. 2(d),
we present the results for M = 3 chains. We find that only
a single pair of crossings survive in a period in the flat-band
limit, and the crossings persist when introducing band nonflat-
ness. We have observed a similar behavior in class DIII [65],
which is also characterized by Z2 (see Table I).
Discussions.—The ES dynamics has been discussed in the
transverse-field Ising model [83], which can be mapped to
the Kitaev chain [84]. Therein, global two-fold degeneracies
emerge in the many-body ES λs’s at certain times upon the
field quench across the critical value. Since the many-body
ES {λs} as eigenvalues of ρˆS are related to ξn’s via [26]
λs={sn} =
∏
n
[
1
2
+ sn
(
ξn − 1
2
)]
, sn = ±1, (7)
we can attribute these global degeneracies to single-particle
ES crossings at 12 . Since the Kitaev chain belongs to class
D, according to Table I, we expect the global many-body ES
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FIG. 2. (color online) Three coupled SSH chains in (a) class BDI and
(b) class D. Hopping amplitudes Jα (α = 1, 2, c) are randomly sam-
pled from a uniform distribution over [0.6J¯α, 1.4J¯α]. (c) ES dynam-
ics after quench (J¯1, J¯2, J¯c) = (0, 1.5J, 0) → (1.5J, 0.5J, 0.5J)
in (a) with L = 40 and the periodic-boundary condition. The result
(F = 0) is compared with those after partial (F = 0.5) and com-
plete (F = 1) band flattening Hˆ ′. A partially flattened Hamiltonian
Hˆ ′F (F ∈ (0, 1)) is related to the original one Hˆ ′0 = Hˆ ′ and the
completely flattened one Hˆ ′1 via Hˆ ′F = FHˆ
′
1 + (1 − F )Hˆ ′0. The
ES crossings in the blue circle split into those marked by red arrows
when F changes from 1 to 0. The remaining two crossings in the red
circle stem from the second period. (d) Same as (c) but for the system
in (b) with a different quench protocol (J¯1, J¯2, J¯c) = (0, 1.5J, 0)→
(1.5J, 0.5J, J).
degeneracies to be robust against disorder. This is confirmed
in an Ising chain subject to an inhomogeneous magnetic field:
Hˆ =
∑
j
(Jσˆxj σˆ
x
j+1 +Bj σˆ
z
j ), (8)
whereBj obeys a uniform distribution over [B¯j−W, B¯j+W ].
As shown in Fig. 3(b), the global many-body ES degeneracies
persist in spite of disorder, although they appear at different
times. We have further checked the robustness against random
coupling [65]. Such a topological dynamical phenomena can
be explored in trapped-ion systems with the help of matrix-
product-state tomography [63, 64].
It was conjectured [83] that the emergence of many-body-
ES degeneracies is related to a dynamical quantum phase tran-
sition [85] associated with singularities of the dynamical free-
energy density f(t) ≡ − limL→∞ 1L ln |〈Ψ|e−iHˆ
′t|Ψ〉|2. As
for the SSH model, everytime f(t) becomes nonanalytic, we
arrive at the center of a momentum-time Skyrmion. How-
ever, a precise numerical analysis indicates that these times
do not exactly coincide with those of ES crossings [65]. Fur-
thermore, a dynamical phase transition may occur without ES
crossings in the Rice-Mele model [86]. Therefore, dynam-
ical phase transitions and ES crossings are not equivalent,
although there could be a sufficient condition for both [41].
Similar conclusions are drawn in Ref. [45] for quench dynam-
ics in two dimensions.
The ES dynamics has also been studied in the context of
(b)(a)
W=0
W=0.25J
FIG. 3. (color online) (a) With an inhomogeneous magnetic field
quenched, a nearly disentangled paramagnetic Ising chain (8) be-
comes entangled under unitary evolution. The orange line denotes
the half-chain cut. (b) Dynamics of the many-body ES λs (7).
Quench protocol: (J, B¯j) = (1, 1.5) → (1, 0.5), with (W =
0.25J) or without disorder (W = 0). The length of the open Ising
chain is L = 10. The dashed lines indicate where global two-fold
degeneracies emerge.
topological Floquet systems [35, 87]. A prototypical ex-
ample of a modulated Ising chain is studied in Ref. [35],
which is reminscient of a quench Hˆ =
∑
j Bj σˆ
z
j → Hˆ ′ =
J
∑
j σˆ
x
j σˆ
x
j+1 in a single period. However, in Ref. [35], the
ES dynamics is for Floquet eigenstates and the robustness
of crossing is discussed through perturbations with the same
Floquet period; here we focus on physical states undergoing
unitary evolution generated by time-independent Hamiltoni-
ans and the temporal periodicity is generally absent.
Summary and outlook.—We have identified the stable topo-
logical structures for all the one-dimensional quench dynam-
ics within the same AZ class. We have proposed using the
ES dynamics to detect the dynamical topology and performed
detailed model studies for classes BDI and D. We have nu-
merically demonstrated the robust Z and Z2 features. These
phenomena can be explored in state-of-the-art ultracold-atom
and trapped-ion experiments [65].
In higher dimensions [88] and/or with additional symme-
tries, there remains an open problem as to whether a non-
trivial (d + 1)-dimensional topological structure emerges in
quench dynamics, and, if yes, how the single-particle ES dy-
namics looks like. The influence of interaction is another
important issue, which might be tackled from the dynamics
of the many-body ES. In one dimension, this can be readout
from the matrix-product-state representation [89]. Examples
are provided in Supplemental Material [65].
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7Supplemental Materials
Here we provide the details of the K-theory classification of
quench dynamics in one dimension, the details on the calcula-
tion of the entanglement-spectrum dynamics, the detailed cal-
culations for two-band models, a comment on the relationship
of the entanglement spectrum to the dynamical phase transi-
tion, and a sketch of experimental situations.
K-THEORY ANALYSIS OF QUENCH DYNAMICS
In this section, we employ the K-theory [10, 12, 14] to ana-
lyze possible nontrivial topological classifications for the par-
ent Hamiltonian
Hˆ(t) = e−iHˆ
′tHˆeiHˆ
′t, (S1)
where the pre- and postquench Hamiltonians Hˆ and Hˆ ′ are
assumed to belong to the same Altland-Zirnbauer (AZ) class.
Parent Bloch Hamiltonian
We first show that, in the presence of translation invariance,
the parent Bloch Hamiltonian h(k, t) defined from Hˆ(t) =∑
k cˆ
†
kh(k, t)cˆk is given by
h(k, t) = e−ih
′(k)th(k)eih
′(k)t, (S2)
where h(k) (h′(k)) is the Bloch Hamiltonian of Hˆ (Hˆ ′), i.e.,
Hˆ =
∑
k cˆ
†
kh(k)cˆk (Hˆ
′ =
∑
k cˆ
†
kh
′(k)cˆk). Here cˆk is a vec-
tor consisting of operators cˆkα’s with different α, where k is
the wave number and α labels the internal degrees of freedom,
such as sublattices and spins.
The equation of motion for Hˆ(t) reads
i∂tHˆ(t) = [Hˆ
′, Hˆ(t)], Hˆ(0) = Hˆ. (S3)
With translation invariance, Eq. (S3) can be decomposed into
independent blocks having different quasimomenta:
i∂tcˆ
†
kh(k, t)cˆk = [cˆ
†
kh
′(k)cˆk, cˆ
†
kh(k, t)cˆk]
= cˆ†k[h
′(k), h(k, t)]cˆk,
(S4)
with the initial condition h(k, 0) = h(k). Here we have used
the fermion-operator identity:
[cˆ†kαcˆkβ , cˆ
†
kγ cˆkδ] = δβγ cˆ
†
kαcˆkδ − δαδ cˆ†kγ cˆkβ . (S5)
Note that Eq. (S4) implies Eq. (S2). We mention at this stage
the spatial dimension or the total number of bands need not be
specified.
While h(k, t) in Eq. (S2) is not periodic in t in general, we
can always flatten h(k) and h′(k) into h1(k) and h′1(k), which
satisfy h21(k) = h
′2
1 (k) = J
2 and share the same symmetry
as h(k) and h′(k) [10]. The corresponding flattened parent
Bloch Hamiltonian takes the form
h˜(k, t) = e−ih
′
1(k)th1(k)e
ih′1(k)t, (S6)
which satisfies h˜(k, t + piJ ) = h˜(k, t) and can explicitly be
expressed as
h˜(k, t) =
1
2
[h1(k) + J
−2h′1(k)h1(k)h
′
1(k)
+ (h1(k)− J−2h′1(k)h1(k)h′1(k)) cos(2Jt)
+ iJ−1[h1(k), h′1(k)] sin(2Jt)].
(S7)
In the following, we will focus on the K-theory classification
of h˜(k, t) in (1 + 1) dimensions. The stable topology should
be inherited by those parent Hamiltonians (S1) that are contin-
uously connected to Hˆ(t) =
∑
k cˆ
†
kh˜(k, t)cˆk but with neither
spatial nor temporal periodicity.
Symmetry constraints and the maximal K-groups
Let us discuss the symmetry properties of h˜(k, t). Since
h1(k) and h′1(k) belong to the same AZ class, we have
Ah1(k)A−1 = ηAh1(−k),
Ah′1(k)A−1 = ηAh′1(−k),
(S8)
where ηA = ±1, Az = z∗A for all z ∈ C and A2 = ±1.
Noting the anti-unitary nature of A, we obtain
Ah˜(k, t)A−1 = ηAh˜(−k,−ηAt). (S9)
This result can be contrasted to the case of unitary (anti-
)symmetries:
Uh1(k)U
−1 = ηUh1(Uk),
Uh′1(k)U
−1 = ηUh′1(Uk),
(S10)
with ηU = ±1 and U = ±1, leading to
Uh˜(k, t)U−1 = ηU h˜(Uk, ηU t). (S11)
We first perform a complete classification on the basis of
the above symmetry constraints alone. Without any symmetry
requirement, h˜(k, t) simply belongs to class A in two dimen-
sions and is characterized by Z.
We now turn to the case of TRS alone, i.e., A = T (ηT =
1). In this case, we have
T h˜(k, t)T −1 = h˜(−k,−t), (S12)
which turns out to be the standard symmetry constraints of
classes AI or AII in two dimensions. Therefore, the classi-
fication is 0 (trivial) for T 2 = 1 (class AI), and is Z2 for
T 2 = −1 (class AII).
We then move on to the case of PHS alone, i.e., A = C
(ηC = −1). The symmetry constraint on h˜(k, t) reads
Ch˜(k, t)C−1 = −h˜(−k, t), (S13)
8TABLE I. Topological classification of h˜(k, t) subject to the symmetry constraints given in Eq. (S9) (or Eq. (S11) for class AIII) with A = T
or/and C. The last column shows a subset of the maximal K-group that can be realized in quench dynamics, i.e., in the form of Eq. (S6). The
case of class BDI and class D (marked in red) has been discussed in the main text. Other nontrivial classes not appearing in the main text are
marked in blue.
AZ class TRS PHS CS Symmetry constraints on h˜(k, t) Maximal K-group Dynamical realization
A 0 0 0 None Z 0
AIII 0 0 1 Γh˜(k, t)Γ−1 = −h˜(k,−t) Z⊕ Z Z
AI 1 0 0 T h˜(k, t)T −1 = h˜(−k,−t) 0 0
BDI 1 1 1 T h˜(k, t)T −1 = h˜(−k,−t), Ch˜(k, t)C−1 = −h˜(−k, t) Z Z
D 0 1 0 Ch˜(k, t)C−1 = −h˜(−k, t) Z2 Z2
DIII −1 1 1 T h˜(k, t)T −1 = h˜(−k,−t), Ch˜(k, t)C−1 = −h˜(−k, t) Z2 ⊕ Z2 Z2
AII −1 0 0 T h˜(k, t)T −1 = h˜(−k,−t) Z2 0
CII −1 −1 1 T h˜(k, t)T −1 = h˜(−k,−t), Ch˜(k, t)C−1 = −h˜(−k, t) Z Z
C 0 −1 0 Ch˜(k, t)C−1 = −h˜(−k, t) 0 0
CI 1 −1 1 T h˜(k, t)T −1 = h˜(−k,−t), Ch˜(k, t)C−1 = −h˜(−k, t) 0 0
which coincides with that of an adiabatic fermion-parity pump
[12]. The effective dimension is 1−1 = 0, so that the classifi-
cation is 0 for C2 = −1 (class C), and is Z2 for C2 = 1 (class
D).
Now let us consider the case in which there are both TRS
and PHS. Recalling Eq. (S12), we can treat this case as if we
add an anti-unitary anti-symmetry with d‖ = 1 (the number
of momentum components that do not flip under the symme-
try operation) into class AI or AII. We can apply the formula
developed in Ref. [14]:
K
U/A
R (s, t; d, d‖) = K
U/A
R (s− d, t− d‖; 0, 0), (S14)
where d = 2, d‖ = 1, and s and t are determined by the base
system (real AZ class, here it is either class AI or AII) and
the additional two-fold symmetries. For class BDI, we have
s = 0 and t = 3, leading to pi0(C−2) = Z. For class CI, we
have s = 0 and t = 1, leading to pi0(R6 ×R6) = 0. For class
DIII, we have s = 4 and t = 1, leading to pi0(R2 × R2) =
Z2 ⊕ Z2. For class CII, we have s = 4 and t = 3, leading
to pi0(C2) = Z. Here, pi0 is the zeroth homotopy group and
Cs = Cs+2 (Rs = Rs+8) denotes the complex (real) Clifford-
algebra extension C`s → C`s+1 (C`0,s → C`0,s+1) [10].
For the remaining class AIII, we have to use another for-
mula in Ref. [14]:
KUC (s, t; d, d‖) = K
U
C (s− d, t− d‖; 0, 0), (S15)
where d = 2, d‖ = 1, and s and t are determined by the
base system (complex AZ class) and the additional two-fold
symmetry. Since we start from class A, we have s = 0, t = 1,
leading to pi0(C−2 × C−2) = Z⊕ Z.
We summarize all the results in the second rightmost col-
umn in Table I. Remarkably, all the AZ classes characterized
by a trivial maximal K-group turn out to be trivial classes in
one dimension [9–11]. The converse is not true, since classes
A and AII are trivial in one dimension, whereas the maximal
groups are not. It is worthwhile to mention that the formulas
developed in Ref. [14] are applicable to arbitrary dimensions
and arbitrary two-fold-symmetry classes, which can be repre-
sented by certain Clifford-algebra extensions.
Finally, let us discuss the case of a reflection symmetry
alone. We can again apply Eq. (S15), but with d = 2, d‖ =
0, s = 0 and t = 1, leading to pi0(C−1) = 0. In fact, such
a result was already reported in Ref. [13]. This explains the
destruction of ES crossings found in Fig. S5 when we intro-
duce on-site random potential into the SSH model, even if the
potential respects the inversion symmetry.
Topological numbers and the dynamical realizations
In this section, we identify all the topological numbers indi-
cated by the K-groups and demonstrate that some of the topo-
logical numbers always vanish in quench dynamics.
Complex AZ classes
We start with class A. Since there is no symmetry con-
straint, the topological number Z is nothing but the Chern
number:
C =
∫∫
dtdk
16piiJ3
Tr[h˜(k, t)[∂kh˜(k, t), ∂th˜(k, t)]], (S16)
Without specifying the form of h˜(k, t), the generator of the
maximal K-group Z can be exemplified by a Thouless pump
with a unit Chern number.
As for class AIII, the classification Z ⊕ Z differs signifi-
cantly from the trivial result (0) for the conventional AZ class
[9]. This is due to the fact that one of the quasi-momentum
components changes its sign upon being acted on by the chi-
9ral operator Γ. The Chern number can thus be nonzero:
C ∝ i
∫∫
dtdkTr[h˜(k, t)[∂kh˜(k, t), ∂th˜(k, t)]]
= i
∫∫
dtdkTr[Γh˜(k, t)Γ[∂kΓh˜(k, t)Γ, ∂tΓh˜(k, t)Γ]]
= −i
∫∫
dtdkTr[h˜(k,−t)[∂kh˜(k,−t), ∂th˜(k,−t)]]
= i
∫∫
dt¯dkTr[h˜(k, t¯)[∂kh˜(k, t¯), ∂t¯h˜(k, t¯)]].
(S17)
This is to be contrasted with the conventional class AIII,
where both quasi-momenta are not reversed so that the chi-
ral symmetry enforces the Chern number to be zero.
The other topological number can be identified as follows.
Due to the reversion of one of the quasi-momenta, the chiral
symmetry is similar to a reflection (crystalline) symmetry and
determines two high symmetry points t = 0, pi2J , where the
Hamiltonian h(k, t) is chirally symmetric, i.e.,
{h˜(k, 0),Γ} = 0,
{
h˜
(
k,
pi
2J
)
,Γ
}
= 0. (S18)
While we can define two winding numbers for these two
Hamiltonians, only the difference ∆W between the two wind-
ing numbers at high symmetry points is a genuine two-
dimensional topological number [13, 14]. Indeed, a system
with ∆W = 0 can be created by stacking a one-dimensional
chain along the time direction and thus the system does not
possess a nontrivial two-dimensional topology. In fact, we
have 12 (∆W + C) ∈ Z, due to the quantization of the
Chern number over half of the momentum-time space with
the boundaries at t = 0 and pi2J contracted (leading to a
boundary contribution 12∆W ). The two generators of the
K-group can thus be exemplified by the Rice-Mele-Thouless
pump [71, 72] (C = 1,∆W = 1) and the quench dynamics in
the SSH model across the phase boundary (C = 0,∆W = 2).
So far we only impose the symmetry requirement and have
not yet specified the form of the Bloch Hamiltonian. If we
confine ourselves to the quench dynamics, the flattened par-
ent Hamiltonian takes the form of Eq. (S6). The integrand in
Eq. (S16) can thus be calculated explicitly, giving
iTr[h˜(k, t)[∂kh˜(k, t), ∂th˜(k, t)]]
=Tr[h1(k)[[A(k, t), h1(k)] + ∂kh1(k), [h
′
1(k), h1(k)]]]
=Tr[([A(k, t), h1(k)] + ∂kh1(k))[[h
′
1(k), h1(k)], h1(k)]]
=2Tr[[A(k, t), h1(k)](h
′
1(k)− h1(k)h′1(k)h1(k))]
+ 2Tr[∂kh1(k)(h
′
1(k)− h1(k)h′1(k)h1(k))]
=4J2(Tr[A(k, t)[h1(k), h
′
1(k)]] + Tr[h
′
1(k)∂kh1(k)]),
(S19)
where we have used h1(k)∂kh1(k) + (∂kh1(k))h1(k) = 0
and
∂kh˜(k, t) = e
−ih′1(k)t[A(k, t), h1(k)]eih
′
1(k)t
+ e−ih
′
1(k)t∂kh1(k)e
ih′1(k)t
(S20)
with A(k, t) = eih
′
1(k)t∂k(e
−ih′1(k)t), and
∂th˜(k, t) = −ie−ih′1(k)t[h′1(k), h1(k)]eih
′
1(k)t. (S21)
Noting that h′21 (k) = J
2, A(k, t) can be expressed as
A(k, t) =
[
sin2 Jt
J2
h′1(k)− i
sin(2Jt)
2J
]
∂kh
′
1(k), (S22)
and its time integral gives∫ pi
J
0
dtA(k, t) =
pi
2J3
h′1(k)∂kh
′
1(k). (S23)
Combining Eqs. (S19) and (S23), we obtain
C = − 1
4J2
∫
dk∂kTr[h
′
1(k)h1(k)], (S24)
which vanishes if the integral range runs over the entire Bril-
louin zone.
As for parent Hamiltonians generated by pre- and
postquench Hamiltonians in class AIII, the Chern number
must vanish as well. On the other hand, ∆W can be nonzero,
so a subset {(C,∆W ) : C = 0,∆W ∈ 2Z}, which is iso-
morphic to Z, can be realized. Furthermore, we have
∆W = 2(w′ − w), (S25)
where w′ (w) is the winding numbers of h′1(k) (h1(k)).
Let us show Eq. (S25) as follows. According to Eq. (S6),
the Bloch Hamiltonians at hight symmetry points read
h˜(k, 0) = h1(k), h˜
(
k,
pi
2J
)
= h′1(k)h1(k)h
′
1(k), (S26)
where, under the choice of Γ = σz , h1(k) and h′1(k) take the
forms
h1(k) =
[
0 u(k)
u†(k) 0
]
, h′1(k) =
[
0 u′(k)
u′†(k) 0
]
.
(S27)
Therefore, we have
h′1h1h
′
1 =
[
0 u′u†u′
u′†uu′† 0
]
, (S28)
implying wt= pi2J = 2w
′ − w, where the winding num-
bers are given by w =
∫ pi
−pi
dk
2pii∂k ln detu(k) and w
′ =∫ pi
−pi
dk
2pii∂k ln detu
′(k). Since wt=0 = w, we finally obtain
Eq. (S25).
Real AZ classes
According to the K-theory, there are five possibly nontrivial
(with nontrivial maximal K-group) real AZ classes: BDI, D,
DIII, AII and CII (see Table I). We discuss them one by one.
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FIG. S1. Moore-Balents approach for calculating the Z2 index
[90]. The right half (delimited by the dashed rectangle) of a two-
dimensional Brillouin zone is equivalent to a cylinder. By contract-
ing the two boundaries of the cylinder while keeping the symmetry
(e.g., TRS), we can compactify the manifold, on which a Chern num-
ber is now well-defined. Provided that the ambiguity of contraction
leads to an even-integer difference, the parity (even or odd) of the
Chern number should be a well-defined Z2 topological index.
The simplest case is class AII, of which the maximal K-
group is exactly the same as the conventional result Z2. Ac-
cording to the seminal work by Moore and Balents [90], such
a Z2 can be determined from the parity (odd or even) of the
Chern number of half of the Brillouin zone [0, pi] × [0, piJ ] (a
cylinder) after contracting the boundaries while keeping TRS.
This is always possible because class AII is trivial in one di-
mension [9]. As for quench dynamics, since class AII is trivial
in zero dimension [11], we can always find two paths param-
eterized by γ ∈ [0, 1], which satisfies
h′L(γ = 0) = h1(0), h
′
L(γ = 1) = h
′
1(0), (S29)
and
h′R(γ = 0) = h
′
1(pi), h
′
R(γ = 1) = h1(pi), (S30)
respectively. The parent Hamiltonians are thus given by
h˜L,R(γ, t) = e
−ih′L,R(γ)th1(kL,R)eih
′
L,R(γ)t, (S31)
where kL = 0 and kR = pi. Using Eq. (S24), we have
C =
1
4J2
(Tr[h21(0)]− Tr[h21(pi)]) = 0, (S32)
so the Z2 index for a quench dynamics generated by two class
AII Hamiltonians is always trivial. On the other hand, with
the symmetry constraint alone, the maximal K-group can be
generated by the Fu-Kane pump [70], which is built upon two
copies of the Rice-Mele-Thouless pump with opposite spins.
Such a Z2 index stays well-defined in the presence of spin-
orbit coupling terms that respect TRS.
We move on to class D, which is similar to class AII due
to the same Z2 characterization. Indeed, we can again use
the Moore-Balents approach, since the Bloch Hamiltonians at
boundaries (k = 0, pi) are classified by 0 due to the fact that
the effective dimension is δ = 0 − 1 = −1, in which class
D is trivial [12]. As for quench dynamics, however, a matrix
(zero-dimensional Hamiltonian) in class D is characterized by
pi0(R2) = Z2, so it is not always possible to deform h′1(Γ)
into h1(Γ). Nevertheless, we can always deform h′1(Γ) and
h1(Γ) to make them commute with each other, even if their
Z2 indices are different. That is, under the basis where C = K
(complex conjugation), we can always deform a 2n×2n class
D matrix h, which satisfies
h∗ = −h, h† = h ⇔ (ih)∗ = ih, (ih)T = −ih, (S33)
into either
⊕n
j=1 σ
y or (−σy) ⊕ ⊕n−1j=1 σy , depending on
the sign of the Pfaffian of ih, which is an anti-symmetric
real matrix (see Eq. (S33)). Neglecting the 2Z ambiguity
(class D is characterized by 2Z in the effective dimension
δ = 0 − 2 = −2 [12]) of contraction, using Eq. (S24), we
can explicitly write down the Z2 index as
v =
1
2
(|sgn Pf[ih′1(0)]− sgn Pf[ih1(0)]|
− |sgn Pf[ih′1(pi)]− sgn Pf[ih1(pi)]|) mod 2,
= |N ′ −N|,
(S34)
where sgn x ≡ x|x| and N = 12 |sgn Pf[ih1(pi)] −
sgn Pf[ih1(0)]| (N ′ = 12 |sgn Pf[ih′1(pi)]− sgn Pf[ih′1(0)]|).
It is worth mentioning that this Z2 index is generally difficult
to calculate due to the PHS constraint during the boundary
contraction [12]. Nevertheless, due to the specific form of the
parent Hamiltonians for quench dynamics (S6), obtaining the
explicit expression (S34) now becomes possible.
Now we turn to the real AZ classes with chiral symme-
tries. We first consider class BDI, which can be obtained from
class AIII by adding an involutory (T 2 = 1), commutative
([T ,Γ] = 0) TRS. In the presence of TRS, we can show that
the Chern number must vanish:
C ∝ i
∫∫
dtdkTr[h˜(k, t)[∂kh˜(k, t), ∂th˜(k, t)]]
= −i
∫∫
dtdkTr[T h˜T −1[∂kT h˜T −1, ∂tT h˜T −1]]
= −i
∫∫
dtdkTr[h˜(−k,−t)[∂kh˜(−k,−t), ∂th˜(−k,−t)]]
= −i
∫∫
dt¯dk¯Tr[h˜(k¯, t¯)[∂k¯h˜(k¯, t¯), ∂t¯h˜(k¯, t¯)]].
(S35)
Here we have used Tr[T AT ] = Tr[A†]. On the other hand,
the difference between the winding number at high-symmetry
lines t = 0, pi2J can still be nonzero, even if the Hamiltonian
takes the form of Eq. (S6). Moreover, since the weak Z2 num-
ber conserves along the t direction, ∆W must be even and we
can define an integer
∆w =
1
2
∆W (S36)
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no matter whether or not h(k, t) is generated by quench dy-
namics. This explains why the maximal K-group and the dy-
namical realization are both given by Z.
Using a similar argument, we can explain why the maxi-
mal K-group of class CII also reduces from Z⊕ Z to Z when
adding an anti-involutory (i.e., T 2 = −1), commutative TRS.
Just like class BDI, the remaining Z corresponds to the dif-
ference of winding numbers at high symmetry lines, which
is twice the winding-number difference between the pre- and
postquench Hamiltonians. To realize the generator, we can
construct a spin-orbit coupled SSH-like model
h(k) = −[(J1 +J2 cos k)σz⊗σy+J2 sin kσx⊗σ0], (S37)
for which we do the quench
(J1, J2) = (J, 0)→ (0, J). (S38)
Here T = iσy ⊗ σ0K and C = iσ0 ⊗ σyK.
Finally, we consider class DIII, which is characterized by
Z2 ⊕ Z2. The simplest way to understand this topological
classification is to regard class DIII as class AIII with an ad-
ditional anti-involutory and anti-commutative ({T ,Γ} = 0)
TRS. Note that class AIII is characterized by Z ⊕ Z. Due to
the additional TRS, both the winding number at high symme-
try lines and the Chern number vanish. Nevertheless, it is still
possible to have a nontrivial Chern number or/and a nontrivial
winding number over one half of the Brillouin zone after de-
forming the boundary to compactify the manifold (i.e., using
the Moore-Balents approach). While both the Chern num-
ber and the winding number are ambiguous, their parities are
unique. Therefore, one of the Z2 index should be the same
as that in class AII, while the other equals to the difference of
Z2 index at high symmetry lines, where the one-dimensional
section belongs to class DIII.
If the Hamiltonian is generated by quench dynamics, the
TRS-related Z2 index vanishes, as we have proved for class
AII. On the other hand, the other Z2 index could be nonzero.
To realize the generator, we can construct an explicit model
— the spin- 12 SSH model
h(k) = −σ0 ⊗ [(J1 + J2 cos k)σx + J2 sin kσy], (S39)
which undergoes the quench
(J1, J2) = (J, 0)→ (0, J). (S40)
Here T = iσy ⊗ σ0K and C = σ0 ⊗ σzK. Note that the
hopping in Eq. (S39) does not flip the spin, it is obvious that
the TRS is respected. The PHS inherits simply from that of
the spinless SSH model. While the other Z2 index vanishes
in quench dynamics, we can make it nontrivial in an adiabatic
pump like [91]
h(k, t) =− J0[1− cos k − cos(2Jt)]σ0 ⊗ σx
− J0[sin(2Jt)σ0 ⊗ σy + sin kσx ⊗ σz],
(S41)
which can be examined to respect both TRS and PHS.
So far we have identified all the elements in the maximal
K-group that are realizable in quench dynamics. As sum-
marized in Table I, the results turn out to be consistent with
the classification of topological insulators and superconduc-
tors in one dimension [9, 11]. However, we should again em-
phasize that the topology underlying the quench dynamics in
one dimension is of two-dimensional nature. It is also worth
mentioning an intuitive understanding on why the quench
dynamics in trivial AZ classes must be trivial, even if the
maximal K-group is not — we can always continuously de-
form h′1(k) into h1(k), so that the parent Bloch Hamiltonian
h˜(k, t) = h1(k) has no t dependence and thus cannot exhibit
genuine two-dimensional nontrivial topology. This argument
should also be applicable to higher dimensions and other sym-
metry classes.
QUENCH DYNAMICS IN TWO-BAND MODELS
In this section, we provide a detailed analysis on the quench
dynamics in two-band systems. We focus especially on the
SSH model, which has strong experimental relevance.
Dynamics of pesudospins in momentum space
For general two-band systems such as a superlattice, the
pre- and post-quench Bloch Hamiltonians can be expressed as
h(k) = d0(k) + d(k) ·σ and h′(k) = d′0(k) + d′(k) ·σ. De-
noting the parent Bloch Hamiltonian as h(k, t) = d0(k, t) +
d(k, t) · σ and using Eq. (S4) and the commutation relations
for the Pauli matrices, we obtain d0(k, t) = d0(k) and
i∂tdκ(k, t)σ
κ = [d′µ(k)σ
µ, dν(k, t)σ
ν ]
= 2iµνκd
′
µ(k)dν(k, t)σ
κ,
(S42)
where µ, ν, κ ∈ {x, y, z} and the Einstein summation conven-
tion is assumed. Equation (S42) can be rewritten as
∂td(k, t) = 2d
′(k)× d(k, t), (S43)
Noting that d0(k, t) plays no role in either dynamics or band
topology, we assume it to vanish for simplicity. Indeed,
d0(k, t) = 0 in both the Su-Schrieffer-Heeger (SSH) model
and the Rice-Mele model.
Equation (S43) describes the precession of d(k, t) with re-
spect to d′(k) by an angular velocity 2d′(k) (d′(k) ≡ |d′(k)|).
Thus, we can write down the following solution:
d(k, t) = d‖(k) + cos(2d′(k)t)d⊥(k)
+ sin(2d′(k)t)do(k),
(S44)
where the parallel (l), perpendicular (⊥) and out-of-plane (o)
(spanned by d(k) and d′(k)) components are given by
d‖(k) = [d(k) · n′(k)]n′(k),
d⊥(k) = d(k)− d‖(k),
do(k) = d(k)× n′(k),
(S45)
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where n′(k) ≡ −d′(k)d′(k) .
As for the quench in the SSH model, we have
d(k) = −(J, 0, 0), d′(k) = −(J ′ + J cos k, J sin k, 0).
(S46)
Substituting Eq. (S46) into Eqs. (S44) and (S45) yields
dx(k, t) = −J + 2J
[
J sin k sin(d′(k)t)
d′(k)
]2
,
dy(k, t) = −2(J ′ + J cos k) sin k
[
J sin(d′(k)t)
d′(k)
]2
,
dz(k, t) = − J
2
d(k)
sin k sin(2d′(k)t),
(S47)
where
d′(k) =
√
J2 + J ′2 + 2J ′J cos k. (S48)
Note that dz(k, t) is generally nonzero, though dz(k) =
d′z(k) = 0. We can then obtain the pseudospin texture
n(k, t) ≡ − d(k, t)|d(k, t)| = −
d(k, t)
J
, (S49)
from Eq. (S47).
Figure S2 shows the dynamics of d(k, t) for the quench in
the SSH model. Remarkably, for J ′ = 0, the pseudospin tex-
ture n(k, t) exhibits rows of Skyrmion lattices with opposite
topological charges, which can be calculated from
Cskyrmion =
∫∫
A
dtdk
4pi
n(k, t) · [∂kn(k, t)× ∂tn(k, t)],
(S50)
with A = [0, piJ ] × [0, pi] (right column) or [0, piJ ] × [−pi, 0]
(left). When 0 < J ′ < J , Skyrmions are still well-defined but
deformed and canted. In fact, the pseudospin texture can al-
ways be mapped to two arrays of Skyrmion lattices via rescal-
ing the time axis in a k-dependent manner, or equivalently
via band flattening of the postquench Hamiltonian such that
h′2(k) = J2. Such a continuous deformation breaks down at
the critical point J ′ = J , above which n(k, t) becomes topo-
logically trivial since it can continuously be deformed to the
pseudospin polarized state.
Dynamical Chern number
We study in details the Skyrmion charge (S50), which can
alternatively be expressed as the integral of the Berry curva-
ture Ω(k, t) on the k − t space:
Ω(k, t) ≡ 2Im[(∂tu(k, t))†∂ku(k, t)]. (S51)
Here u(k, t) is the lower-band Bloch vector satisfying
h(k, t)u(k, t) = −d(k)u(k, t). It should be emphasized that
this Berry curvature is merely a mathematical analogy, since
the real physical process is a highly nonadiabatic quench dy-
namics.
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FIG. S2. Pseudospin textures n(k, t) in the k-t space for the quench
protocols (J1, J2) = (J, 0) → (J ′, J) with (a) J ′ = 0, (b)
J ′ = 0.2J and (c) J ′ = 1.2J . Momentum-time Skyrmions emerge
in (a) and (b), but not in (c), as explicitly shown by calculating the
topological number defined in Eq. (S50) (see also Fig. S3). Pseu-
dospins along the red curves are polarized in the x direction.
In terms of the eigenvectors of h′(k), which are denoted
as v±(k) with eigenvalues ±d′(k), u(k, t) can explicitly be
written as
u(k, t) = e−id
′(k)tv+(k)(v+(k))
†u(k)
+ eid
′(k)tv−(k)(v−(k))†u(k).
(S52)
Accordingly, the inner product (∂tu(k, t))†∂ku(k, t) in
Eq. (S51) is calculated to be
td′∂kd′ + id′[u†v+∂k(v
†
+u)− u†v−∂k(v†−u)]
+ id′[|u†v+|2(v†+∂kv+)− |u†v−|2(v†−∂kv−)]
+ id′[e2id
′tu†v+v
†
−u(v
†
+∂kv−) + H.c.],
(S53)
where we have used v†+∂kv− + v−∂kv
†
+ = ∂k(v
†
+v−) = 0
and temporarily drop the k-dependence for simplicity. Since
v†±∂kv± is purely imaginary and 2Re[u
†v±∂k(v
†
±u)] =
∂k(|u†(k)v±(k)|2), we have
Ω(k, t) = 2d′(k)∂k(|u†(k)v+(k)|2)
− 2d′(k)(e2id′(k)tTr[P (k)P+(k)∂kP+(k)] + H.c.),
(S54)
where P (k) ≡ u(k)u†(k) and P+(k) ≡ v+(k)v†+(k) are
projective matrices.
Note that the second term in Eq. (S54) oscillates with t
due to the factor e2id
′(k)t. After integrating Ω(k, t) over
A = {(k, t) : 0 < t < pid′(k) , 0 < k < pi} in the k − t
plane, the contribution from this oscillating term vanishes and
we obtain a quantized dynamical Chern number
Cdyn ≡
∫∫
A
dkdt
2pi
Ω(k, t) = F (pi)− F (0), (S55)
where
F (k) ≡ |u†(k)v+(k)|2. (S56)
The quantization of Cdyn is ensured by the particle-hole sym-
metry (PHS), which restricts the Bloch states of h(k) and
13
J'=0
J'=0.4J
J'=0.8J
J'=1.1J
J'=1.4J
0 π 2π 3π 4π 5π0
0.5
1
JT
C
(T)
FIG. S3. C(T ) defined in Eq. (S58) versus JT in the quench dynam-
ics of the SSH model for different parameters. C(T ) converges to 1
for J ′ < J (dashed blue line) and 0 for J ′ > J (dashed red line).
h′(k) at Γ = 0, pi to be an eigenstate of σx. Concretely,
denoting the eigenvalues of u(Γ) and v−(Γ) as νΓ and ν′Γ,
i.e., σxu(Γ) = νΓu(Γ) and σxv−(Γ) = ν′Γv−(Γ), we have
F (Γ) = 12 |ν′Γ − νΓ| and thus
Cdyn =
1
2
(|ν′pi − νpi| − |ν′0 − ν0|). (S57)
This result is consistent with Eq. (S34), which applies to an
arbitrary number of bands.
Alternatively, we can introduce
C(T ) ≡
∫ pi
0
dk
∫ T
0
dt
Ω(k, t)
2Td′(k)
, (S58)
and define the dynamical Chern number as
Cdyn ≡ lim
T→∞
C(T ), (S59)
The equivalence between Eqs. (S59) and (S55) can be under-
stood from the fact that the time integral of the oscillating term
in Eq. (S54) is bounded, and accordingly vanishes after being
divided by an infinitely large T .
By explicitly calculating Ω(k, t) for the quench dynamics
in the SSH model, we obtain
Ω(k, t) = 2 sin k(J + J ′ cos k)
[
J sin(d′(k)t)
d′(k)
]2
, (S60)
where d′(k) is given in Eq. (S48). Using the definition in
Eq. (S55), we obtain
Cdyn =
∫ pi
0
dk
J2(J + J ′ cos k) sin k
2(J2 + J ′2 + 2J ′J cos k)
3
2
=
∫ 1
−1
ds
J2(J + J ′s)
2(J2 + J ′2 + 2J ′Js)
3
2
=
1
2
[1 + sgn(J − J ′)].
(S61)
We thus find Cdyn = 1 (Cdyn = 0) if J > J ′ (J < J ′),
which is consistent with Eq. (S57). After straightforward cal-
culations we obtain the expression for C(T ) in Eq. (S58):
C(T ) =
1
2
[1 + sgn(J − J ′)]− g
(
T,
J ′
J
)
,
g(t, r) =
∫ 1
−1
ds
(1 + rs) sin(2t
√
1 + r2 + 2rs)
4t(1 + r2 + 2rs)2
.
(S62)
We plot C(T ) for several different quench parameters in
Fig. S3. It seems that C(T ) typically converges more quickly
for a finite J ′ than the flat band case J ′ = 0 (but this is not the
case when J ′ ' J , i.e., close to the critical point). A physical
explanation is that a finite bandwidth causes certain disorder
in the frequency direction and washes out quantum coherent
oscillations. We note that similar observations are made in
Ref. [42], but in quite a different context of the asymptotic
quantization of the nonequilibrium Hall conductance.
CALCULATION OF THE ENTANGLEMENT-SPECTRUM
DYNAMICS
In this section, we provide the details on how we obtain
the ES dynamics shown in Figs. 1, 2 and 3 in the main text.
We also provide additional numerical results, especially the
many-body-ES dynamics in an interacting system.
Numerical method for general noninteracting systems
We follow the method proposed in Ref. [75] to numerically
calculate the single-particle entanglement spectrum (ES). The
basic idea is that in a particle-number-conserving free-fermion
system described by a quadratic Hamiltonian in terms of cˆj
(j = 1, 2, ..., N ), any reduced density operator ρˆS of the
ground state |Ψ〉, which consists of the modes cˆj with j ∈
S ⊂ {1, 2, ..., N}, is a Gaussian state
ρˆS ∝ e−
∑
m,n∈S(hE)mncˆ
†
mcˆn ≡ e−HˆE , (S63)
which can be reconstructed from its |S|× |S| (|S|: cardinality
of S) correlation matrix
Cmn ≡ Tr[cˆ†mcˆnρˆS ] = 〈Ψ|cˆ†mcˆn|Ψ〉, m, n ∈ S, (S64)
via
C =
1
ehE + 1
. (S65)
Therefore, the eigenvalues of C simply gives the single-
particle ES [76]
ξn ≡ 1
en + 1
, (S66)
where n’s are the eigenvalues of HˆE or hE.
In particular, for a one-dimensional lattice system with L
unit cells and subjected to the periodic boundary condition, we
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FIG. S4. (a) ES dynamics after the quenches (J1, J2) = (0, J) →
(J, 0) (blue) and (J, 0) → (0, J) (red) in the SSH model. (b) In the
former case, the dynamics is trivial and two degenerate entanglement
edge modes at ξn = 12 persist. (c) In the latter case, the dynamics
is nontrivial, and the instantaneous four-fold degeneracy at ξn = 12
emerges at t = pi
2J
.
can utilize the translational invariance to represent the many-
body wave function in a factorized form:
|Ψ〉 =
∏
k
c†ku(k)|vac〉, (S67)
where u(k) is the Bloch vector and c†ku(k) =
∑
α uα(k)cˆ
†
kα
with α being the internal degrees of freedom. In this case,
the correlation matrix (S64) turns out to be a block-Toeplitz
matrix (a matrix Mjl is called a Toeplitz matrix if Mjl =
Mj−l):
Cmα,nβ ≡ 〈Ψ|cˆ†mαcˆnβ |Ψ〉
=
1
L
∑
k
u∗α(k)uβ(k)e
ik(m−n) = Cαβm−n,
(S68)
where m,n are the site indices. To calculate the inter-unit-
cell half-chain ES, we only have to figure out the eigenvalues
of the LD2 × LD2 matrix Cmα,nβ (S68), where D is the total
number of internal degrees of freedom.
In a superlattice system, D = 2 and α labels the sublat-
tices. By calculating first the dynamics of the Bloch vec-
tors governed by Eq. (S52) and then the correlation matrix
(S68) followed by exact diagonalization, we can obtain the
dynamics of the full single-particle ES. As a benchmark, we
plot in Fig. S4(a) the ES dynamics for the quench (J1, J2) =
(0, J) → (J, 0) in the SSH model, after which no entangle-
ment is generated for the entanglement cut shown in Fig. 1(b)
in the main text so the ES should stay unchanged. Since the
initial state is topologically nontrivial (N = 2), we find two
degenerate entanglement edge modes at ξn = 12 , as shown
in Fig. S4(b). This is to be compared with the ES dynamics
for the quench (J, 0)→ (0, J), after which we find nontrivial
dynamics and instantaneous four-fold degeneracy at ξn = 12
when t = pi2J (Fig. S4(c)).
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FIG. S5. (a) Quench in the flat-band Rice-Mele model (S69) with
∆ = 0.2J and (b) the corresponding ES dynamics. The dots and
dashed curves show the numerical and analytical results, respec-
tively. The inset shows the enlarged view around Jt = 7.7, showing
that the two-fold degeneracy is lifted, and crossings are gapped out,
although the gap is very small (see inset). (c) Quench from a dimer-
ized state with a random on-site potential V a,bj shown schematically
by a dashed curve (see Eq. (S70)). Here W = J ′ = 0.2J . (d) The
corresponding ES dynamics, which no longer exhibit crossings at
ξn =
1
2
with (green) and without (blue) inversion symmetry. When
Vj respects the inversion symmetry, the ES is two-fold degenerate.
According to the notion of symmetry-protected topological
phases, we expect that the ES crossings may disappear if the
PHS is explicitly broken, for example, by adding a staggered
potential
∑
j ∆(bˆ
†
j bˆj−aˆ†j aˆj) in the SSH Hamiltonian; then the
model becomes the Rice-Mele model [86] (see Fig. S5(a)):
HˆRM =−
∑
j
(J1bˆ
†
j aˆj + J2aˆ
†
j+1bˆj + H.c.)
+
∑
j
∆(bˆ†j bˆj − aˆ†j aˆj).
(S69)
This is confirmed numerically in the flat-band case, as shown
in Fig. S5(b). An interesting observation here is that the gap
is as small as O(∆
3
J3 ), as will be explained in the next sub-
section. Note that the dynamical Chern number (S55) is no
longer well-defined (not quantized) in this case.
We also calculate the ES dynamics in the SSH model with
a random on-site potential:
HˆRSSH =−
∑
j
(J1bˆ
†
j aˆj + J2aˆ
†
j+1bˆj + H.c.)
+
∑
j
(V aj aˆ
†
j aˆj + V
b
j bˆ
†
j bˆj),
(S70)
where V aj and V
b
j are randomly sampled from a uniform dis-
tribution over [−W,W ]. We consider the ES dynamics after
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FIG. S6. (a) MPS representation of a one-dimensional super-
lattice system in the spin language. (b) After a factorized
unitary evolution Uˆ =
⊗
j Uˆj with translational invariance
(〈s2js2j+1|Uˆj |s′2js′2j+1〉 = Us2js2j+1s′2js′2j+1 for ∀j, where s, s
′ ∈ {↑, ↓
}), |Ψ˜〉 = Uˆ |Ψ〉 has a different (the same) ES encoded in Λ˜B (ΛA)
for the intra-unit-cell (inter-unit-cell) entanglement cut. (c) A sin-
gle iteration in the iTEBD algorithm [89]. A general time-evolution
operator Uˆ(δt) can be approximated as (
⊗
j Uˆ2j)(
⊗
j Uˆ1j) via the
Suzuki-Trotter decomposition. Unlike the specific case in (b), both
ΛA and ΛB are updated.
a quench that changes both the disorder configuration and the
following parameters (see Fig. S5(c)):
(J1, J2,∆) = (J, 0,∆)→ (J ′, J, 0). (S71)
As shown in Fig. S5(d), we find that ES crossings at ξn = 12
disappear, even if the disorder respects the inversion symme-
try, i.e., V aj = V
b
(L2 −j) mod L+1
. On the other hand, we will
see in Fig. S9 that the ES crossings are robust against disorder
in hopping amplitudes, which preserves PHS (and also TRS).
Analytical results for some flat-band quenches
Since the entanglement cut is made in real space, a straight-
forward way to readout the ES is to represent the real-space
many-body wave function in the form of matrix-product state
(MPS) [25, 89]. To do this, we should first translate the pic-
ture of a one-dimensional fermionic superlattice into that of a
spin chain via the Jordan-Wigner transformation:
aˆj = e
−ipi2
∑2j−2
l=1 (σˆ
z
l +1)σˆ−2j−1,
bˆj = e
−ipi2
∑2j−1
l=1 (σˆ
z
l +1)σˆ−2j .
(S72)
For example, the Rice-Mele Hamiltonian (S69) in the spin
language becomes
HˆRM =−
∑
j
(J1σˆ
+
2j σˆ
−
2j−1 + J2σˆ
+
2j+1σˆ
−
2j + H.c.)
−
∑
j
∆
2
(σˆz2j−1 − σˆz2j),
(S73)
which describes a spin chain with anisotropic spin-flip cou-
pling and subjected to a staggered magnetic field in the z di-
rection. Here we have used the identity e−i
pi
2 (σˆ
z
j+1)σˆ−j = σˆ
−
j ,
since the state of the jth site must be | ↓〉 or vanish after the
operation σˆ−j . In the specific case (J1, J2,∆) = (J0, 0,∆0),
the ground state is asymmetrically dimerized:
|Ψ〉 =
L⊗
j=1
(cos
θ0
2
| ↑2j−1↓2j〉+ sin θ0
2
| ↓2j−1↑2j〉), (S74)
where θ0 ∈ (0, pi) is determined from ∆0 = J0 cot θ0. Equa-
tion (S74) can be rewritten into the following MPS form (see
Fig. S6(a)):
|Ψ〉 =
∑
{sj}
Tr[ΓAs1Λ
AΓBs2Λ
B ...ΓBs2LΛ
B ]|s1s2...s2L〉, (S75)
where the sum runs over all the possible spin configurations
sj =↑, ↓ (j = 1, 2, ..., 2L) and
ΛA =
[
cos θ02 0
0 sin θ02
]
, ΛB = [1],
ΓB↑ =
[
0
1
]
, ΓB↓ =
[
1
0
]
, ΓA↑ =
[
1 0
]
, ΓA↓ =
[
0 1
]
.
(S76)
After the quench of the Hamiltonian, we can numerically
calculate the MPS form of |Ψ(t)〉 = e−iHˆ′t|Ψ〉 by using,
e.g., the infinite time-evolving block decimation (iTEBD) al-
gorithm [89] if we work in the thermodynamic (infinite-L)
limit. However, if the time-development operator is factorized
as
Uˆ =
⊗
j
Uˆj , (S77)
with Uˆj only acting on the spins at the 2jth and the (2j+ 1)th
sites (see Fig. S6(b)), it is possible to analytically obtain the
MPS form of |Ψ˜〉 = Uˆ |Ψ〉:
|Ψ˜〉 =
∑
{sj}
Tr[Γ˜As1Λ
AΓ˜Bs2Λ˜
BΓ˜Bs2LΛ˜
B ]|s1s2...s2L〉, (S78)
where the matrix ingredients Γ˜A,B and Λ˜B are related to those
in Eq. (S75) via [89]
ΛAΓ˜Bs1Λ˜
BΓ˜As2Λ
A = Us1s2s′1s′2
ΛAΓBs′1Λ
BΓAs′2Λ
A, (S79)
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where Us1s2s′1s′2 is the matrix element of a single block Uˆj . If we
are only interested in the inter-unit-cell ES, it suffices to find
the singular values of the left-hand side of Eq. (S79), i.e.,
[
ΛAΓ˜B↑ Λ˜
BΓ˜A↑ Λ
A ΛAΓ˜B↑ Λ˜
BΓ˜A↓ Λ
A
ΛAΓ˜B↓ Λ˜
BΓ˜A↑ Λ
A ΛAΓ˜B↓ Λ˜
BΓ˜A↓ Λ
A
]
. (S80)
Equation (S77) is satisfied for a general flat-band quench in
the Rice-Mele model:
(J1, J2,∆) = (J0, 0,∆0)→ (0, J,∆), (S81)
which implies
U↓↓↓↓ = U
↑↑
↑↑ = φ, U
↑↓
↓↑ = U
↓↑
↑↓ = i sin θ sinφ,
U↑↓↑↓ = cosφ+ i cos θ sinφ, U
↓↑
↓↑ = cosφ− i cos θ sinφ,
(S82)
where φ =
√
J2 + ∆2t and θ ∈ (0, pi) is defined from ∆ =
J cot θ. Combining Eqs. (S82) and (S76), we can explicitly
compute the matrix elements in Eq. (S80) to obtain

0 0 i cos2 θ02 sin θ sinφ 0
sin θ02 cos
θ0
2 0 0 sin
2 θ0
2 (cosφ+ i cos θ sinφ)
cos2 θ02 (cosφ− i cos θ sinφ) 0 0 sin θ02 cos θ02
0 i sin2 θ02 sin θ sinφ 0 0
 , (S83)
The four singular values of the above matrix (S83) are found
to be
1
2
(√
1− sin2 θ cos2 θ0 sin2 φ±
√
1− sin2 θ sin2 φ
)
,
1
2
sin θ(1± cos θ0)| sinφ|,
(S84)
which constitute the eigenvalues of Λ˜B . The single-particle
ES can subsequently be determined from Eq. (S84) via the
relation between many-body ES and single-particle ES given
in Eq. (7) in the main text (see also Ref. [26]). The result turns
out to be
ξn =
1
2
[
1± cos θ0 sin2 θ sin2 φ
±
√
(1− sin2 θ sin2 φ)(1− cos2 θ0 sin2 θ sin2 φ)
]
.
(S85)
Finally, let us discuss a specific case in which θ = θ0,
namely the quench shown in Fig. S5(a). In this case, the
single-particle-ES gap reaches its minimum at φ = pi2 , where
ξn =
1
2
[
1± cos θ
(
sin2 θ ±
√
1− cos2 θ sin2 θ
)]
, (S86)
implying a tiny gap
δξ =
1
2
cos3 θ(1 + cos2 θ) ' ∆
3
2J3
(S87)
for a small ∆. This is consistent with the small gap found in
the inset of Fig. S5(b). If we further set θ = θ0 = pi2 , Eq. (S85)
becomes
ξn =
1
2
[1± cos(Jt)], (S88)
which reproduces the sinusoidal oscillation observed in
Fig. 1(c) (red curve) in the main text.
iTEBD for translation-invariant interacting systems
As mentioned in the previous subsection and at the end of
the main text, the iTEBD algorithm is a general numerical
method for calculating the quantum dynamics in translation-
invariant one-dimensional interacting systems in the thermo-
dynamic limit. Since iTEBD is based on the MPS represen-
tation, we can directly read out the many-body ES from Λ
matrices. We should emphasize that the many-body ES λα
obtained from iTEBD corresponds to the open-boundary con-
dition. The ES for the periodic-boundary condition can thus
be obtained as λαλβ for all α and β. We should also mention
that the iTEBD is reliable only for short-time dynamics due to
the exponential growth of the bond dimension (effective size
of ΛA,B or ΓA,B) which is implied by the linear growth of
entanglement entropy.
As an example, we consider an interacting SSH chain
HˆISSH = −
∑
j
(J1bˆ
†
j aˆj + J2aˆ
†
j+1bˆj + H.c.)
−
∑
j
(
nˆbj −
1
2
)[
V1
(
nˆaj −
1
2
)
+ V2
(
nˆaj+1 −
1
2
)]
,
(S89)
where nˆbj = bˆ
†
j bˆj and nˆ
a
j = aˆ
†
j aˆj are the particle-number
operators. After the Jordan-Wigner transformation, Eq. (S89)
can be rewritten into the following Hamiltonian that describes
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FIG. S7. Dynamics of the half-chain many-body ES in the staggered
XXZ model (S90) after a quench (J1, J2) = (J, 0) → (0.4J, J).
(a) Without interaction (Jz = 0), global ES degeneracies emerge
at certain times (indicated by dashed lines). The bond dimension in
iTEBD calculation is χ = 250, and the system size in the exact-
diagonalization (ED) calculation is L = 8. (b) With interaction
(Jz = 0.2J), degeneracies survive in the largest two λα’s at certain
times (indicated by arrows). Here χ = 500 and L = 8.
a staggered XXZ chain:
HˆXXZ =−
∑
j
(J1σˆ
+
2j σˆ
−
2j−1 + J2σˆ
+
2j+1σˆ
−
2j + H.c.)
−
∑
j
(Jz1 σˆ
z
2j σˆ
z
2j−1 + J
z
2 σˆ
z
2j+1σˆ
z
2j),
(S90)
where Jz1,2 = V1,2/4 and they are chosen to satisfy J
z
1 =
Jz2 = Jz in the following calculations. The block time-
evolution operator thus reads
[U1,2(t)]
↓↓
↓↓ = [U1,2(t)]
↑↑
↑↑ = e
iJzt,
[U1,2(t)]
↑↓
↓↑ = [U1,2(t)]
↓↑
↑↓ = ie
−iJzt sin(J1,2t),
[U1,2(t)]
↑↓
↑↓ = [U1,2(t)]
↓↑
↓↑ = e
−iJzt cos(J1,2t),
(S91)
from which the updated MPS form after a short time period δt
is determined as (see Fig. S6(c))
ΛBΓA?s1 Λ˜
AΓB?s2 Λ
B = [U1(δt)]
s1s2
s′1s
′
2
ΛBΓAs′1Λ
AΓBs′2Λ
B ,
Λ˜AΓ˜Bs1Λ˜
BΓ˜As2Λ˜
A = [U2(δt)]
s1s2
s′1s
′
2
Λ˜AΓB?s′1 Λ
BΓA?s′2 Λ˜
A.
(S92)
In practical calculations, to suppress the numerical errors
stemming from a finite δt, we reorder the block time-evolution
operators to construct the 4th-order sequence [92]
Uˆ (4) = Uˆ1Uˆ
2
2 Uˆ
2
1 Uˆ
†
2 Uˆ
†
1 (Uˆ2Uˆ1)
3Uˆ22 Uˆ1
× Uˆ1Uˆ22 (Uˆ1Uˆ2)3Uˆ†1 Uˆ†2 Uˆ21 Uˆ22 Uˆ1
(S93)
such that Uˆ (4) = e−12iδtHˆXXZ+o(δt
4). The ground state of
the initial Hamiltonian can be obtained by the imaginary time
development based on the same iTEBD algorithm.
Figure S7 shows the many-body-ES dynamics obtained by
iTEBD for both noninteracting and interacting cases. Simi-
lar to the transverse-field Ising model, in the noninteracting
case (Fig. S7(a)), we find global ES degeneracies at certain
times, which exactly coincide with those for single-particle
ES crossings at ξ = 12 in Fig. 1(c) (the curve for J
′ = 0.4J)
(a) (b)
W=0
W=0.25J
FIG. S8. Dynamics of the half-chain many-body ES in the general-
ized Ising model (S94) after a quench B¯j = 1.5J → 0.5J . The
magnetic field Bj is randomly sampled from a uniform distribution
over [B¯j − W, B¯j + W ] with W = 0.25J , and the system size
is L = 12. (a) For a nearest-neighbor interaction Jjl = Jjδl,j+1,
where Jj obeys the uniform distribution over [J−0.6W,J+0.6W ],
global ES degeneracies emerge at certain times (indicated by dashed
lines). (b) For a long-range interaction Jjl = J/|j− l|α with α = 3,
degeneracies survive in the largest two λα’s at certain times (indi-
cated by arrows).
in the main text. In the interacting case (Fig. S7(b)), although
the global degeneracies disappear, the crossings of the largest
two ES values (instantaneous ground-state degeneracy of the
many-body entanglement Hamiltonian) survive. This obser-
vation implies the robustness of ES crossings against interac-
tion.
Exact diagonalization for arbitrary small-size systems
If we are interested in the many-body-ES dynamics in a
relatively small system, we can always use numerical exact
diagonalization even if the system is disordered or/and inter-
acting.
In Fig. S7, we also present the results for a small XXZ chain
with 2L = 16 spins, which turn out to be a rather good ap-
proximation of the iTEBD results in the thermodynamic limit.
Note that the global degeneracies in the many-body ES persist
(although slightly shifted compared to those in the thermody-
namic limit) even in a finite-size system, as has already been
observed in Fig. 3(b) in the main text. This is understand-
able since the crossings originate from the topology on the
momentum-time space, of which the time degree of freedom
is always continuous.
We also perform further numerical calculations on the ES
dynamics in the generalized Ising model:
Hˆ =
∑
j<l
Jjlσˆ
x
j σˆ
x
l +
∑
j
Bj σˆ
z
j . (S94)
Figure. S8(a) shows the results for a nearest-neighbor inter-
action Jjl = Jjδl,j+1, so the system can be mapped into a
disordered Kitaev chain belonging to class D [84]. It turns
out that the global degeneracy survives (although their posi-
tions change dramatically) the disorder in both Jj and Bj .
Figure. S8(a) shows the results for a long-range power-law in-
teraction Jjl = J/|j − l|α, which is relevant to trapped ions
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<latexit sha1_base64="GdE78yktP8nzHVF+P/5NGv4TOL0=">AAAGTnicjVRNaxQxGE5rt9bxq9Wjl8E yKAjLbimoB6FUBRGEFlxb6KxLNpvdTTeTDElm6zDM7/J3ePTgtf4ET6KZj2ST1oOBhff5SN5n3g0Zp5RI1et9X1u/sdHZvLl1K7h95+69+9s7Dz5JngmEB4hTLk7HUGJKGB4ooig+TQWGyZjik/HidaWfLLGQhLOPKk/xM IEzRqYEQaWp0fZx9D6eQxVLMkvg5y+jcw8V58/6ZRAdPhmdB1G32w2iASMKijyI3i45zaozgujDq/3gDZFcTLDAk9H2bq/bq1d4vei3xS5o19FoZ+MynnCUJZgpRKGUZ/1eqoYFFIogissgziROIVrAGT7TJYMJlsOi/vY yjDQzCadc6B9TYc26OwqYSJknY+1MoJrLq1pF/ks7y9T0xbAgLM0UZqhpNM1oqHhYDTKcEIGRorkuIBJEZw3RHAqIlB53EDVJwgmeEj0yPSfNBZFeraAnZaU6PuJsiRnRvXBY+YJYG+Ix1XGKuN5T1KAsG+ViThQ2Sg2Mo o82vC4NO6YZXh2UWfdMYMyMUAOjoBxaoaoNr6+Q/qugkVpo1BxTyi+M2CCbQfALe2QNjMIFZDObr0FGY3CZG6Wq/fQwX4WHueEnUCxczWCjUzKbK9dgCfuVXEpvNpYwDrnI3aG20Ovg6pbwHO6QLXElpRNixXgef3wOZV wplApTt9mK8T1eO4fyXSlhC99UMTYT1FdZvwY2UIvt5BAUFCs7uQYadUm4IzbIdnf7Oh3/J5XkU2/cBru6f3tXjOvxJmQJ1+HmMLgs9cvYv/oOXi8Ge92X3f7x3u7BYftEboFH4DF4CvrgOTgA78ARGAAEvoIf4BL87Hzr /Or87vxprOtr7Z6HwFubW38Bcu9QSA==</latexit><latexit sha1_base64="GdE78yktP8nzHVF+P/5NGv4TOL0=">AAAGTnicjVRNaxQxGE5rt9bxq9Wjl8E yKAjLbimoB6FUBRGEFlxb6KxLNpvdTTeTDElm6zDM7/J3ePTgtf4ET6KZj2ST1oOBhff5SN5n3g0Zp5RI1et9X1u/sdHZvLl1K7h95+69+9s7Dz5JngmEB4hTLk7HUGJKGB4ooig+TQWGyZjik/HidaWfLLGQhLOPKk/xM IEzRqYEQaWp0fZx9D6eQxVLMkvg5y+jcw8V58/6ZRAdPhmdB1G32w2iASMKijyI3i45zaozgujDq/3gDZFcTLDAk9H2bq/bq1d4vei3xS5o19FoZ+MynnCUJZgpRKGUZ/1eqoYFFIogissgziROIVrAGT7TJYMJlsOi/vY yjDQzCadc6B9TYc26OwqYSJknY+1MoJrLq1pF/ks7y9T0xbAgLM0UZqhpNM1oqHhYDTKcEIGRorkuIBJEZw3RHAqIlB53EDVJwgmeEj0yPSfNBZFeraAnZaU6PuJsiRnRvXBY+YJYG+Ix1XGKuN5T1KAsG+ViThQ2Sg2Mo o82vC4NO6YZXh2UWfdMYMyMUAOjoBxaoaoNr6+Q/qugkVpo1BxTyi+M2CCbQfALe2QNjMIFZDObr0FGY3CZG6Wq/fQwX4WHueEnUCxczWCjUzKbK9dgCfuVXEpvNpYwDrnI3aG20Ovg6pbwHO6QLXElpRNixXgef3wOZV wplApTt9mK8T1eO4fyXSlhC99UMTYT1FdZvwY2UIvt5BAUFCs7uQYadUm4IzbIdnf7Oh3/J5XkU2/cBru6f3tXjOvxJmQJ1+HmMLgs9cvYv/oOXi8Ge92X3f7x3u7BYftEboFH4DF4CvrgOTgA78ARGAAEvoIf4BL87Hzr /Or87vxprOtr7Z6HwFubW38Bcu9QSA==</latexit><latexit sha1_base64="GdE78yktP8nzHVF+P/5NGv4TOL0=">AAAGTnicjVRNaxQxGE5rt9bxq9Wjl8E yKAjLbimoB6FUBRGEFlxb6KxLNpvdTTeTDElm6zDM7/J3ePTgtf4ET6KZj2ST1oOBhff5SN5n3g0Zp5RI1et9X1u/sdHZvLl1K7h95+69+9s7Dz5JngmEB4hTLk7HUGJKGB4ooig+TQWGyZjik/HidaWfLLGQhLOPKk/xM IEzRqYEQaWp0fZx9D6eQxVLMkvg5y+jcw8V58/6ZRAdPhmdB1G32w2iASMKijyI3i45zaozgujDq/3gDZFcTLDAk9H2bq/bq1d4vei3xS5o19FoZ+MynnCUJZgpRKGUZ/1eqoYFFIogissgziROIVrAGT7TJYMJlsOi/vY yjDQzCadc6B9TYc26OwqYSJknY+1MoJrLq1pF/ks7y9T0xbAgLM0UZqhpNM1oqHhYDTKcEIGRorkuIBJEZw3RHAqIlB53EDVJwgmeEj0yPSfNBZFeraAnZaU6PuJsiRnRvXBY+YJYG+Ix1XGKuN5T1KAsG+ViThQ2Sg2Mo o82vC4NO6YZXh2UWfdMYMyMUAOjoBxaoaoNr6+Q/qugkVpo1BxTyi+M2CCbQfALe2QNjMIFZDObr0FGY3CZG6Wq/fQwX4WHueEnUCxczWCjUzKbK9dgCfuVXEpvNpYwDrnI3aG20Ovg6pbwHO6QLXElpRNixXgef3wOZV wplApTt9mK8T1eO4fyXSlhC99UMTYT1FdZvwY2UIvt5BAUFCs7uQYadUm4IzbIdnf7Oh3/J5XkU2/cBru6f3tXjOvxJmQJ1+HmMLgs9cvYv/oOXi8Ge92X3f7x3u7BYftEboFH4DF4CvrgOTgA78ARGAAEvoIf4BL87Hzr /Or87vxprOtr7Z6HwFubW38Bcu9QSA==</latexit><latexit sha1_base64="GdE78yktP8nzHVF+P/5NGv4TOL0=">AAAGTnicjVRNaxQxGE5rt9bxq9Wjl8E yKAjLbimoB6FUBRGEFlxb6KxLNpvdTTeTDElm6zDM7/J3ePTgtf4ET6KZj2ST1oOBhff5SN5n3g0Zp5RI1et9X1u/sdHZvLl1K7h95+69+9s7Dz5JngmEB4hTLk7HUGJKGB4ooig+TQWGyZjik/HidaWfLLGQhLOPKk/xM IEzRqYEQaWp0fZx9D6eQxVLMkvg5y+jcw8V58/6ZRAdPhmdB1G32w2iASMKijyI3i45zaozgujDq/3gDZFcTLDAk9H2bq/bq1d4vei3xS5o19FoZ+MynnCUJZgpRKGUZ/1eqoYFFIogissgziROIVrAGT7TJYMJlsOi/vY yjDQzCadc6B9TYc26OwqYSJknY+1MoJrLq1pF/ks7y9T0xbAgLM0UZqhpNM1oqHhYDTKcEIGRorkuIBJEZw3RHAqIlB53EDVJwgmeEj0yPSfNBZFeraAnZaU6PuJsiRnRvXBY+YJYG+Ix1XGKuN5T1KAsG+ViThQ2Sg2Mo o82vC4NO6YZXh2UWfdMYMyMUAOjoBxaoaoNr6+Q/qugkVpo1BxTyi+M2CCbQfALe2QNjMIFZDObr0FGY3CZG6Wq/fQwX4WHueEnUCxczWCjUzKbK9dgCfuVXEpvNpYwDrnI3aG20Ovg6pbwHO6QLXElpRNixXgef3wOZV wplApTt9mK8T1eO4fyXSlhC99UMTYT1FdZvwY2UIvt5BAUFCs7uQYadUm4IzbIdnf7Oh3/J5XkU2/cBru6f3tXjOvxJmQJ1+HmMLgs9cvYv/oOXi8Ge92X3f7x3u7BYftEboFH4DF4CvrgOTgA78ARGAAEvoIf4BL87Hzr /Or87vxprOtr7Z6HwFubW38Bcu9QSA==</latexit>
F=0
F=0.5
F=1
class BDI
<latexit sha1_base64="PK3fYSehNrXjC/eHhomjdaOw05Y="> AAAGWXicjVTbahQxGE5ru9bx1NpLbwbLoCAsu0VQL4RSK6ggVHBtobMumUx2N7uZZEgyW4dlX863ELwWb/UJzBySTVovHFj4v8Pk// p1SJJTIlWv931j88bWdufmzq3g9p279+7v7j34LHkhEB4gTrk4T6DElDA8UERRfJ4LDLOE4rNk/rrSzxZYSMLZJ1XmeJjBCSNjgqDS1 Gg3jt7HU6hiSSYZ/PJ1NPPQcva0vwqi48ejWRB1u90gGjCioCiD6M2C06I6I4g+vHoWRCdEcpFigdMAUShleHzybrR70Ov26ie8PvTb 4QC0z+lob+tnnHJUZJip+pSLfi9XwyUUiiCKV0FcSJxDNIcTfKFHBjMsh8u6hlUYaSYNx1zoH1NhzbpvLGEmZZkl2plBNZVXtYr8l3 ZRqPGL4ZKwvFCYoWbRuKCh4mHVaZgSgZGipR4gEkRnDdEUCoiUbj6ImiRhisdEt6cr01wQ6acVdGdWquMjzhaYEb0Lh5UviLUhTqiOs 4zrd5Y1WK0a5XJKFDZKDYyijza8Hg2b0AKvDyqseyIwZkaogVFQCa1QzYbXX5P+V0EjtdCoJaaUXxqxQTaD4Jf2yBoYhQvIJjZfg4zG 4KI0SjX76WG5Dg9Lw6dQzF3NYKNTMpkq12AJ+1dyKb1uLGEccl66pbbQ2+DqlvAcbsmWuJLSCbFmPI9fn0MZVw6lwtRdtmZ8j7fOoX xXTtjcN1WMzQT1p6zvBRuoxbY5BAXFyjbXQKMuCHfEBtnt7l5n4/+kknzs1W2wq/tf75pxPV5DlnAdbg6DVyt9M/av3oPXh8Fh92W3/ /Hw4Oi4vSJ3wEPwCDwBffAcHIG34BQMAALfwC/wG/zZ/tHZ7Ox0gsa6udG+sw+8p7P/F/mWUO0=</latexit><latexit sha1_base64="PK3fYSehNrXjC/eHhomjdaOw05Y="> AAAGWXicjVTbahQxGE5ru9bx1NpLbwbLoCAsu0VQL4RSK6ggVHBtobMumUx2N7uZZEgyW4dlX863ELwWb/UJzBySTVovHFj4v8Pk// p1SJJTIlWv931j88bWdufmzq3g9p279+7v7j34LHkhEB4gTrk4T6DElDA8UERRfJ4LDLOE4rNk/rrSzxZYSMLZJ1XmeJjBCSNjgqDS1 Gg3jt7HU6hiSSYZ/PJ1NPPQcva0vwqi48ejWRB1u90gGjCioCiD6M2C06I6I4g+vHoWRCdEcpFigdMAUShleHzybrR70Ov26ie8PvTb 4QC0z+lob+tnnHJUZJip+pSLfi9XwyUUiiCKV0FcSJxDNIcTfKFHBjMsh8u6hlUYaSYNx1zoH1NhzbpvLGEmZZkl2plBNZVXtYr8l3 ZRqPGL4ZKwvFCYoWbRuKCh4mHVaZgSgZGipR4gEkRnDdEUCoiUbj6ImiRhisdEt6cr01wQ6acVdGdWquMjzhaYEb0Lh5UviLUhTqiOs 4zrd5Y1WK0a5XJKFDZKDYyijza8Hg2b0AKvDyqseyIwZkaogVFQCa1QzYbXX5P+V0EjtdCoJaaUXxqxQTaD4Jf2yBoYhQvIJjZfg4zG 4KI0SjX76WG5Dg9Lw6dQzF3NYKNTMpkq12AJ+1dyKb1uLGEccl66pbbQ2+DqlvAcbsmWuJLSCbFmPI9fn0MZVw6lwtRdtmZ8j7fOoX xXTtjcN1WMzQT1p6zvBRuoxbY5BAXFyjbXQKMuCHfEBtnt7l5n4/+kknzs1W2wq/tf75pxPV5DlnAdbg6DVyt9M/av3oPXh8Fh92W3/ /Hw4Oi4vSJ3wEPwCDwBffAcHIG34BQMAALfwC/wG/zZ/tHZ7Ox0gsa6udG+sw+8p7P/F/mWUO0=</latexit><latexit sha1_base64="PK3fYSehNrXjC/eHhomjdaOw05Y="> AAAGWXicjVTbahQxGE5ru9bx1NpLbwbLoCAsu0VQL4RSK6ggVHBtobMumUx2N7uZZEgyW4dlX863ELwWb/UJzBySTVovHFj4v8Pk// p1SJJTIlWv931j88bWdufmzq3g9p279+7v7j34LHkhEB4gTrk4T6DElDA8UERRfJ4LDLOE4rNk/rrSzxZYSMLZJ1XmeJjBCSNjgqDS1 Gg3jt7HU6hiSSYZ/PJ1NPPQcva0vwqi48ejWRB1u90gGjCioCiD6M2C06I6I4g+vHoWRCdEcpFigdMAUShleHzybrR70Ov26ie8PvTb 4QC0z+lob+tnnHJUZJip+pSLfi9XwyUUiiCKV0FcSJxDNIcTfKFHBjMsh8u6hlUYaSYNx1zoH1NhzbpvLGEmZZkl2plBNZVXtYr8l3 ZRqPGL4ZKwvFCYoWbRuKCh4mHVaZgSgZGipR4gEkRnDdEUCoiUbj6ImiRhisdEt6cr01wQ6acVdGdWquMjzhaYEb0Lh5UviLUhTqiOs 4zrd5Y1WK0a5XJKFDZKDYyijza8Hg2b0AKvDyqseyIwZkaogVFQCa1QzYbXX5P+V0EjtdCoJaaUXxqxQTaD4Jf2yBoYhQvIJjZfg4zG 4KI0SjX76WG5Dg9Lw6dQzF3NYKNTMpkq12AJ+1dyKb1uLGEccl66pbbQ2+DqlvAcbsmWuJLSCbFmPI9fn0MZVw6lwtRdtmZ8j7fOoX xXTtjcN1WMzQT1p6zvBRuoxbY5BAXFyjbXQKMuCHfEBtnt7l5n4/+kknzs1W2wq/tf75pxPV5DlnAdbg6DVyt9M/av3oPXh8Fh92W3/ /Hw4Oi4vSJ3wEPwCDwBffAcHIG34BQMAALfwC/wG/zZ/tHZ7Ox0gsa6udG+sw+8p7P/F/mWUO0=</latexit><latexit sha1_base64="PK3fYSehNrXjC/eHhomjdaOw05Y="> AAAGWXicjVTbahQxGE5ru9bx1NpLbwbLoCAsu0VQL4RSK6ggVHBtobMumUx2N7uZZEgyW4dlX863ELwWb/UJzBySTVovHFj4v8Pk// p1SJJTIlWv931j88bWdufmzq3g9p279+7v7j34LHkhEB4gTrk4T6DElDA8UERRfJ4LDLOE4rNk/rrSzxZYSMLZJ1XmeJjBCSNjgqDS1 Gg3jt7HU6hiSSYZ/PJ1NPPQcva0vwqi48ejWRB1u90gGjCioCiD6M2C06I6I4g+vHoWRCdEcpFigdMAUShleHzybrR70Ov26ie8PvTb 4QC0z+lob+tnnHJUZJip+pSLfi9XwyUUiiCKV0FcSJxDNIcTfKFHBjMsh8u6hlUYaSYNx1zoH1NhzbpvLGEmZZkl2plBNZVXtYr8l3 ZRqPGL4ZKwvFCYoWbRuKCh4mHVaZgSgZGipR4gEkRnDdEUCoiUbj6ImiRhisdEt6cr01wQ6acVdGdWquMjzhaYEb0Lh5UviLUhTqiOs 4zrd5Y1WK0a5XJKFDZKDYyijza8Hg2b0AKvDyqseyIwZkaogVFQCa1QzYbXX5P+V0EjtdCoJaaUXxqxQTaD4Jf2yBoYhQvIJjZfg4zG 4KI0SjX76WG5Dg9Lw6dQzF3NYKNTMpkq12AJ+1dyKb1uLGEccl66pbbQ2+DqlvAcbsmWuJLSCbFmPI9fn0MZVw6lwtRdtmZ8j7fOoX xXTtjcN1WMzQT1p6zvBRuoxbY5BAXFyjbXQKMuCHfEBtnt7l5n4/+kknzs1W2wq/tf75pxPV5DlnAdbg6DVyt9M/av3oPXh8Fh92W3/ /Hw4Oi4vSJ3wEPwCDwBffAcHIG34BQMAALfwC/wG/zZ/tHZ7Ox0gsa6udG+sw+8p7P/F/mWUO0=</latexit> class D
<latexit sha1_base64="ujoxdajZb6NS12DVLXpAm4yGjOs=">AAAGV3icjVTbahQxGE5ru9bx1OqlN4NlUBCW3SKoF0K pFUQQKrhW7KxLJpPdTTeTDElm6zDsu/ka+gC91Ucwc0g2ab1wYOH/DpP/69chSU6JVIPBz43NG1vbvZs7t4Lbd+7eu7+79+Cz5IVAeIQ45eJLAiWmhOGRIoriL7nAMEsoPk0Wb2r9dImFJJx9UmWOxxmcMTIlCCpNTXa/Ru/jOVSxJLMMfvs+OfdQdf5su AqioyeT8yDq9/tBNGJEQVEG0dslp0V9RhB9eP08iI6J5CLFAqcBolDK8Hiyuz/oD5onvD4Mu2EfdM/JZG/rMk45KjLMVHPG2XCQq3EFhSKI4lUQFxLnEC3gDJ/pkcEMy3HVlLAKI82k4ZQL/WMqbFj3jQpmUpZZop0ZVHN5VavJf2lnhZq+HFeE5YXCDLW LpgUNFQ/rRsOUCIwULfUAkSA6a4jmUECkdO9B1CYJUzwlujtdmOaCSD+doBuzUhMfcbbEjOhdOKx9QawNcUJ1nCpu3qkasFq1ysWcKGyUBhhFH214PRo2oQVeH1RY90xgzIzQAKOgElqhng2vvyX9r4JG6qBRS0wpvzBii2wGwS/skQ0wCheQzWy+FhmNw WVplHr208NyHR6Whk+hWLiawUanZDZXrsES9q/kUnrdWMI45KJ0S+2gt8HVLeE53JItcSWlE2LNeB6/PocyrhxKham7bM34Hm+dQ/munLCFb6oZmwnqT1nfCjZQh21zCAqKlW2uhUZdEu6ILbLb3b3Oxv9JJfnUq9tgV/e/3jXjeryGLOE63BwGr1b6Zh xevQevD6OD/qv+8OPB/uFRd0XugEfgMXgKhuAFOATvwAkYAQR+gEvwG/zZ/tUDvV5vp7VubnTvPATe09v7C2BXUE4=</latexit><latexit sha1_base64="ujoxdajZb6NS12DVLXpAm4yGjOs=">AAAGV3icjVTbahQxGE5ru9bx1OqlN4NlUBCW3SKoF0K pFUQQKrhW7KxLJpPdTTeTDElm6zDsu/ka+gC91Ucwc0g2ab1wYOH/DpP/69chSU6JVIPBz43NG1vbvZs7t4Lbd+7eu7+79+Cz5IVAeIQ45eJLAiWmhOGRIoriL7nAMEsoPk0Wb2r9dImFJJx9UmWOxxmcMTIlCCpNTXa/Ru/jOVSxJLMMfvs+OfdQdf5su AqioyeT8yDq9/tBNGJEQVEG0dslp0V9RhB9eP08iI6J5CLFAqcBolDK8Hiyuz/oD5onvD4Mu2EfdM/JZG/rMk45KjLMVHPG2XCQq3EFhSKI4lUQFxLnEC3gDJ/pkcEMy3HVlLAKI82k4ZQL/WMqbFj3jQpmUpZZop0ZVHN5VavJf2lnhZq+HFeE5YXCDLW LpgUNFQ/rRsOUCIwULfUAkSA6a4jmUECkdO9B1CYJUzwlujtdmOaCSD+doBuzUhMfcbbEjOhdOKx9QawNcUJ1nCpu3qkasFq1ysWcKGyUBhhFH214PRo2oQVeH1RY90xgzIzQAKOgElqhng2vvyX9r4JG6qBRS0wpvzBii2wGwS/skQ0wCheQzWy+FhmNw WVplHr208NyHR6Whk+hWLiawUanZDZXrsES9q/kUnrdWMI45KJ0S+2gt8HVLeE53JItcSWlE2LNeB6/PocyrhxKham7bM34Hm+dQ/munLCFb6oZmwnqT1nfCjZQh21zCAqKlW2uhUZdEu6ILbLb3b3Oxv9JJfnUq9tgV/e/3jXjeryGLOE63BwGr1b6Zh xevQevD6OD/qv+8OPB/uFRd0XugEfgMXgKhuAFOATvwAkYAQR+gEvwG/zZ/tUDvV5vp7VubnTvPATe09v7C2BXUE4=</latexit><latexit sha1_base64="ujoxdajZb6NS12DVLXpAm4yGjOs=">AAAGV3icjVTbahQxGE5ru9bx1OqlN4NlUBCW3SKoF0K pFUQQKrhW7KxLJpPdTTeTDElm6zDsu/ka+gC91Ucwc0g2ab1wYOH/DpP/69chSU6JVIPBz43NG1vbvZs7t4Lbd+7eu7+79+Cz5IVAeIQ45eJLAiWmhOGRIoriL7nAMEsoPk0Wb2r9dImFJJx9UmWOxxmcMTIlCCpNTXa/Ru/jOVSxJLMMfvs+OfdQdf5su AqioyeT8yDq9/tBNGJEQVEG0dslp0V9RhB9eP08iI6J5CLFAqcBolDK8Hiyuz/oD5onvD4Mu2EfdM/JZG/rMk45KjLMVHPG2XCQq3EFhSKI4lUQFxLnEC3gDJ/pkcEMy3HVlLAKI82k4ZQL/WMqbFj3jQpmUpZZop0ZVHN5VavJf2lnhZq+HFeE5YXCDLW LpgUNFQ/rRsOUCIwULfUAkSA6a4jmUECkdO9B1CYJUzwlujtdmOaCSD+doBuzUhMfcbbEjOhdOKx9QawNcUJ1nCpu3qkasFq1ysWcKGyUBhhFH214PRo2oQVeH1RY90xgzIzQAKOgElqhng2vvyX9r4JG6qBRS0wpvzBii2wGwS/skQ0wCheQzWy+FhmNw WVplHr208NyHR6Whk+hWLiawUanZDZXrsES9q/kUnrdWMI45KJ0S+2gt8HVLeE53JItcSWlE2LNeB6/PocyrhxKham7bM34Hm+dQ/munLCFb6oZmwnqT1nfCjZQh21zCAqKlW2uhUZdEu6ILbLb3b3Oxv9JJfnUq9tgV/e/3jXjeryGLOE63BwGr1b6Zh xevQevD6OD/qv+8OPB/uFRd0XugEfgMXgKhuAFOATvwAkYAQR+gEvwG/zZ/tUDvV5vp7VubnTvPATe09v7C2BXUE4=</latexit><latexit sha1_base64="ujoxdajZb6NS12DVLXpAm4yGjOs=">AAAGV3icjVTbahQxGE5ru9bx1OqlN4NlUBCW3SKoF0K pFUQQKrhW7KxLJpPdTTeTDElm6zDsu/ka+gC91Ucwc0g2ab1wYOH/DpP/69chSU6JVIPBz43NG1vbvZs7t4Lbd+7eu7+79+Cz5IVAeIQ45eJLAiWmhOGRIoriL7nAMEsoPk0Wb2r9dImFJJx9UmWOxxmcMTIlCCpNTXa/Ru/jOVSxJLMMfvs+OfdQdf5su AqioyeT8yDq9/tBNGJEQVEG0dslp0V9RhB9eP08iI6J5CLFAqcBolDK8Hiyuz/oD5onvD4Mu2EfdM/JZG/rMk45KjLMVHPG2XCQq3EFhSKI4lUQFxLnEC3gDJ/pkcEMy3HVlLAKI82k4ZQL/WMqbFj3jQpmUpZZop0ZVHN5VavJf2lnhZq+HFeE5YXCDLW LpgUNFQ/rRsOUCIwULfUAkSA6a4jmUECkdO9B1CYJUzwlujtdmOaCSD+doBuzUhMfcbbEjOhdOKx9QawNcUJ1nCpu3qkasFq1ysWcKGyUBhhFH214PRo2oQVeH1RY90xgzIzQAKOgElqhng2vvyX9r4JG6qBRS0wpvzBii2wGwS/skQ0wCheQzWy+FhmNw WVplHr208NyHR6Whk+hWLiawUanZDZXrsES9q/kUnrdWMI45KJ0S+2gt8HVLeE53JItcSWlE2LNeB6/PocyrhxKham7bM34Hm+dQ/munLCFb6oZmwnqT1nfCjZQh21zCAqKlW2uhUZdEu6ILbLb3b3Oxv9JJfnUq9tgV/e/3jXjeryGLOE63BwGr1b6Zh xevQevD6OD/qv+8OPB/uFRd0XugEfgMXgKhuAFOATvwAkYAQR+gEvwG/zZ/tUDvV5vp7VubnTvPATe09v7C2BXUE4=</latexit>
class BDI
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FIG. S9. Single-particle ES dynamics in M copies of SSH chains with interchain couplings (see Fig. 3(a) and (b) in the main text) that either
respect both TRS and PHS (class BDI, see Eq. (S96)) or break the TRS alone (class D, see Eq. (S97)). The quench parameters are chosen to
be the same as those in the main text, i.e., (J¯1, J¯2, J¯c) = (0, 1.5J, 0) → (1.5J, 0.5J, 0.5J) for class BDI and (J¯1, J¯2, J¯c) = (0, 1.5J, 0) →
(1.5J, 0.5J, J) for class D. The disorder realization of J1 and J2 is set to be the same for class BDI and class D, so their ES dynamics agree
for M = 1 in the disordered case. The length of a single chain is chosen to be L = 120
M
.
[59] and Rydberg-atom arrays [55]. Due to the fact that the
system can no longer be mapped onto free fermions, similarly
to Fig. S7(b), global degeneracies disappear, but the crossing
between the largest two ES values survive. Such a crossing is
shown to be robust against disorder in Bj .
FURTHER NUMERICAL EVIDENCE ON THE Z2
TOPOLOGICAL INDEX
In this section, we perform extensive numerical calculations
of the ES dynamics with Z2 characterization, including class
D and class DIII.
Class D
Based on the quench in a single SSH chain, which realizes
the generator 1 in the K-group (see Table I), we can obtain
any element M ∈ Z+ by simply quenching M copies of SSH
chains. Correspondingly, the number of ES crossings at 12 is
multiplied by M . To demonstrate the topological nature of
these ES crossings, we can randomly deform each chain by
introducing randomness in hopping amplitudes:
Hˆα = −
∑
j
(J1,jαbˆ
†
jαaˆjα + J2,jαaˆ
†
j+1,αbˆjα + H.c.), (S95)
and further randomly couple these SSH chains:
HˆBDI =
M∑
α=1
Hˆα−
M−1∑
α=1
∑
j
(Jc,jαbˆ
†
j,α+1aˆjα + H.c.). (S96)
Here aˆjα (bˆjα) is the annihilation operator of a particle at sub-
lattice A in the jth unit cell of the αth SSH chain. Note that
both TRS and PHS are preserved in Eq. (S96), so that the en-
tire system still belongs to class BDI. If we choose a different
form of interchain hopping as described by the Hamiltonian
HˆD =
M∑
α=1
Hˆα +
M−1∑
α=1
∑
j
(iJc,jαaˆ
†
j,α+1aˆjα + H.c.), (S97)
we can break the TRS alone so that the symmetry class of the
entire system reduces to class D.
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In the main text we have presented the ES dynamics for
M = 3 coupled SSH chains, with (S96) or without (S97)
TRS breaking. After band flattening, we find 2M = 6 ES
crossings in a period in the former case, while there are only
2 crossings in the latter case. Such an observation strongly
suggests a reduction of topological number Z→ Z2.
To further support such a dynamical Z2 reduction, we per-
form extensive numerical calculations for M = 1, 2, 3, 4 cou-
pled SSH rings in both class BDI and class D, with or with-
out disorder. As shown in Fig. S9, we clearly find 2M and
2(M mod 2) ES crossings in a single period in the flat
band limit, no matter whether the system is clean or disor-
dered. These crossings persist when the bandwidth becomes
finite and the periodicity disappears, at least for the parameter
choices and a short time interval as shown in Fig. S9.
On the other hand, for larger interchain coupling, such as
Jc = 1 for M = 3 chains in class BDI, we find a pair an-
nihilation of ES crossings even in the clean limit when we
gradually change F from 1 to 0. This observation implies that
not all the ES crossings in the flat-band limit can survive when
the bandwidth becomes finite. Indeed, it is already known in
equilibrium systems that too strong disorder can kill the edge
modes and drive a topological-to-trivial transition [66]. This
is why we emphasize “provided that the disorder in frequency
domain due to band nonflatness is not so strong” when dis-
cussing the multiplication of ES crossings in the main text.
Class DIII
We numerically demonstrate that the Z2 topological index
for class DIII also has an intuitive implication on the ES dy-
namics. In fact, by preparing two copies (with opposite spins)
of the class D SSH chains, we have already obtained a model
in class DIII, which certainly exhibits the Z2 reduction with
doubled degeneracies in the ES crossings (due to the Kramers
degeneracy). Note that once TRS alone is broken, the system
reduces to class D and is always trivial.
To make the demonstration nontrivial, we can add a spin-
orbit coupling term that respects both TRS and PHS:
Hˆα =−
∑
j,s
(J1,jαbˆ
†
jαsaˆjαs + J2,jαaˆ
†
j+1,αsbˆjαs + H.c.)
+
∑
j
[Jc,jα(bˆ
†
jα↓aˆjα↑ − aˆ†jα↓bˆjα↑) + H.c.],
(S98)
where s =↑, ↓ denotes the spin degree of freedom. Denoting
cˆj = [aˆj↑, bˆj↑, aˆj↓, bˆj↓]T, for an arbitrary z ∈ C, the TRS and
the PHS act like
T (zcˆj)T −1 = z∗(iσy ⊗ σ0)cˆj ,
C(zcˆj)C−1 = z∗(σ0 ⊗ σz)cˆj .
(S99)
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FIG. S10. Entanglement-spectrum dynamics in a disordered class
DIII system (S100) after band flattening. (a)-(d) correspond to the
case of M = 1 ∼ 4 coupled four-band class DIII chains (S98). Note
that a four-fold-degenerate (no) crossing survives for an odd (even)
M, implying a robust Z2 topological characterization. The length of
a single chain is chosen to be L = 96
M
.
We can couple M copies of such class DIII chains as
Hˆ =
M∑
α=1
Hˆα +
M−1∑
α=1
∑
j
[(iJcc,jαaˆ
†
j,α+1,↑aˆjα↑
− iJcc,jαaˆ†j,α+1,↓aˆjα↓) + H.c.],
(S100)
which respects both TRS and PHS.
We calculate the ES dynamics after a quench in the model
given in Eq. (S100). All the parameters are randomly sampled
from Jµ ∈ [0.6J¯µ, 1.4J¯µ], and the quench protocol is chosen
to be
(J¯1, J¯2, J¯c, J¯cc) = (1.5J, 0, 0, 0)→ (0, 1.5J, 0.4J, 0.8J).
(S101)
The numerical results are shown in Fig. S10 for M = 1 ∼
4 coupled chains. Remarkably, we find that there is a four-
degenerate (this comes from the periodic-boundary condition
and the Kramers degeneracy) crossing for M = 1, 3 while no
crossing for M = 2, 4. Such an observation is consistent with
the Z2 classification predicted by the K-theory (see Table I).
COMMENT ON THE RELATIONSHIP BETWEEN
ENTANGLEMENT-SPECTRUM CROSSINGS AND
DYNAMICAL PHASE TRANSITIONS
While an interesting conjecture that the ES crossings might
be related to the dynamical phase transitions [85] is made in
Ref. [83], here we show that these two concepts are not equiv-
alent because of the following two aspects: (i) There can be a
dynamical phase transition without any ES crossing; (ii) even
if both occur, the time at which an ES crossing occurs may
not coincide with that at which a singularity in the dynamical
free-energy density emerges.
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FIG. S11. (a) Dynamical free-energy density f(t) (S102) for the
quench in the Rice-Mele model with J = 0.2∆. The critical
times (S107) are indicated by dashed vertical lines. (b) ES dynam-
ics (green) and f(t) (purple) for the quench in the SSH model with
J ′ = 0.5J . The first critical time (S108) does not exactly coincide
with the first ES-crossing time. Note that there are always some ES
values very close to 0 or 1.
Let us begin by reviewing how to calculate the dynamical
free-energy density [85]
f(t) = − lim
L→∞
1
L
ln |〈Ψ|e−iHˆ′t|Ψ〉|2 (S102)
in free-fermion lattice systems. Following Eq. (S67), we can
also factorize |Ψ(t)〉 = e−iHˆ′t|Ψ〉 as
|Ψ(t)〉 =
∏
k
c†ku(k, t)|vac〉. (S103)
In terms of the Bloch vector u(k, t) (u(k, 0) = u(k)),
Eq. (S102) can be rewritten as
f(t) = −
∫ pi
−pi
dk
2pi
ln |(u(k))†u(k, t)|2, (S104)
where limL→∞ 1L
∑
k =
∫ pi
−pi
dk
2pi has been used. For two-
band systems, the fidelity |(u(k))†u(k, t)|2 can easily be eval-
uated as
Tr
[
1 + n(k, t) · σ
2
1 + n(k) · σ
2
]
=
1
2
[1 + n(k, t) · n(k)],
(S105)
where n(k, t) ≡ −d(k,t)d(k) . Using Eq. (S44), we obtain the
general formula [39]
f(t) =−
∫ pi
−pi
dk
2pi
ln[cos2(d′(k)t)
+ (n(k) · n′(k))2 sin2(d′(k)t)].
(S106)
It can be inferred from Eq. (S106) that the singularity of f(t)
is contributed from those k∗ at which n(k∗) ·n′(k∗) = 0 and
emerges at critical times t∗n = (n − 12 ) pid′(k∗) with n ∈ Z+
[85].
To demonstrate statement (i), it suffices to consider the
quench in the Rice-Mele model illustrated in Fig. S5(a), which
does not exhibit ES crossings. However, it is easy to check
that n(k) · n′(k) = 0 does have solutions cos k∗ = −∆2J2 ,
implying the emergence of cusps in f(t) at the critical times
t∗n =
(n− 12 )pi√
J2 + ∆2
, n = 1, 2, · · · . (S107)
As shown in Fig. S11(a), we indeed find the singularities in
the dynamical free-energy density.
To demonstrate statement (ii), we can consider a quench
in the SSH model (6) with J ′ = 0.5J . In this case, n(k) ·
n′(k) = 0 has solutions cos k∗ = −J′J and the critical times
are given by
t∗n =
(n− 12 )pi√
J2 − J ′2 , n = 1, 2, · · · . (S108)
As shown in Fig. S11(b), we do find a cusp in f(t) at the first
critical time t∗1 ' 1.81J−1. On the other hand, by numerically
calculating the single-particle ES dynamics, we find that the
first ES crossing occurs at t1 ' 1.76J−1, which is close to
but not equal to t∗1.
EXPERIMENTAL SITUATIONS
We briefly discuss how to experimentally measure the ES
dynamics in the SSH model simulated by ultracold atoms and
that in the Ising model simulated by trapped ions. It is worth
mentioning that an interferometric scheme to directly measure
the ES in an interacting ultracold atomic system has been pro-
posed in Ref. [54], but not yet realized experimentally. Such
a scheme is a generalization of Ref. [52], which describes a
method for measuring the Re´nyi entropy and has recently been
realized in an optical lattice [53].
Ultracold atoms
Ultracold atoms in optical lattices provide an ideal plat-
form to explore nonequilibrium quantum dynamics, which has
been visualized in both real and momentum spaces [51]. In-
deed, sudden quench and Bloch-state tomography have been
achieved in the Haldane model implemented by 40K atoms
[46, 62]. Here we apply these ideas and techniques to the
SSH model.
While the SSH model and the corresponding Rice-Mele
model have been realized in Refs. [18, 71, 72], they are
not suitable for studying quench dynamics since the Wan-
nier functions change considerably after deforming the opti-
cal lattice, leading to unwanted excitations in higher bands.
Also, an energy difference between A, B sublattices is needed
to perform tomography [60]. Therefore, we use a superlat-
tice with large energy offset δAB between nearest neighbors
(separated by a) and subjected to a uniform potential gradi-
ent Fa
∑
j [(2j − 1)aˆ†j aˆj + 2jbˆ†j bˆj ] (see Fig. S12). Thanks
to the potential gradient, it is possible to independently con-
trol the hopping parameters J1 and J2 by two pairs of Ra-
man lasers with detunings δAB ± Fa. For example, to real-
ize the quench (J0, 0) → (0, J), we can suddenly switch off
one laser assistant tunneling J1 = J0 and switch on the other
tunneling J2 = J . Note that it is easy to generalize to the
Rice-Mele model by choosing imperfect Raman-laser detun-
ings δAB ± Fa∓∆.
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FIG. S12. (color online) Implementation of the SSH model based
on laser-assistant tunneling with ultracold atoms in a tilted optical
superlattice. The intra- and inter-unit-cell hoppings J1 and J2 can
independently be controlled by using two pairs of Raman lasers with
detunings δAB ± Fa.
As for Bloch-state tomography, we follow the method in
Ref. [61] to suddenly switch off the potential gradient and Ra-
man lasers and then perform time-of-flight measurements af-
ter waiting for a varying time up to a few times of 2piδ−1AB. Un-
like the case in Ref. [61], the potential gradient continuously
shifts the quasimomenta during the quench dynamics, so the
measured Bloch state at k should be replaced by k+Ftq, with
tq being the time duration of the quench dynamics. In prac-
tice, we can apply an opposite potential gradient during time
tq to compensate for this effect. If the gradient comes from
inhomogeneous Zeeman splitting, this can be done by glob-
ally flipping the atomic spin [18]. With the full information of
Bloch states in hand, we can calculate the half-chain ES using
Eq. (S68), with L depending on the number of data.
Trapped ions
As mentioned in Sec. , the generalized Ising model (S94)
with a power-law long-range coupling can naturally be real-
ized in a linear chain of trapped ions. With the ability to ad-
dress individual ions, we can in principle engineer an arbitrary
configuration of Ising coupling Jjl by fine-tuning the param-
eters (frequency, phase and intensity) of Raman lasers [56].
A spatially inhomogeneous magnetic field can effectively be
generated by site-dependent Stark shifts induced by additional
lasers [57].
To probe the ES dynamics after a sudden change of param-
eters, we can make use of the MPS tomography [63], which
has recently been achieved for up to 14 40Ca+ ions [64]. In-
deed, the entanglement-entropy growth during the quench dy-
namics has been measured in Ref. [64], so the full ES should
be measurable in the same way. Due to the fact that the en-
tire many-body MPS can efficiently be reconstructed from the
local reduced density matrices determined by usual quantum
tomography [63], such a method dramatically reduces the re-
source cost from exponential scaling to linear scaling with
respect to the system size. Note that the MPS tomography
can be applied to arbitrary quantum many-body systems with
interactions or/and disorder, as long as the many-body wave
function can efficiently be represented by the MPS.
